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Abstract 

As shown in a previous paper, certain naturally arising cones of holomorphic vector bundle 
sections over the main component Wl 1 k (F n ,d) of the moduli space of stable genus-one holo- 
morphic maps into P™ have a well-defined euler class. In this paper, we extend this result 
to moduli spaces of perturbed, in a restricted way, J-holomorphic maps. We show that euler 
classes of such cones relate the reduced genus-one Gromov-Witten invariants of complete inter- 
sections to the corresponding GW-invariants of the ambient projective space. As a consequence, 
the standard genus-one GW-invariants of complete intersections can be expressed in terms of 
the genus-zero and genus-one GW-invariants of projective spaces. We state such a relation- 
ship explicitly for complete-intersection threefolds. A relationship for higher-genus invariants is 
conjectured as well. 



Contents 

1 Introduction 



1.1 Gromov-Witten Invariants and Complete Intersections! 2 

1.2 Cones of Holomorphic Bundle Sections! 6 



1.3 



Some Special Cases! 10 



2 Hvperplane Property for Genus-One GW-invariants! 12 

2.1 Review of Definitions! 12 



2.2 Statement and Proof of Hvperplane Property! 15 



Ingredients in Proof of Theor em 11.31 17 

3.1 Notation: Genus-Zero Mans! 17 



3.2 Notation: Genus-One Maps! 18 



3.3 Topology! 20 



3.4 The Structure of the Moduli Space Wl l h (X. A: J. vi 23 



3.5 The Structure of the Cone VftJ 25 



'Partially supported by an NSF grant 

'Partially supported by an NSF Postdoctoral Fellowship 



4 Proof of Pr oposition 13.91 26 

4.1 Outline! 26 

Sj 31 

13 36 



4.2 Proof of Lemma 

4.3 Proof of Lemma 

1 Introduction 

1.1 Gromov-Witten Invariants and Complete Intersections 

The GW-invariants of symplectic manifolds have been an area of much research in the past decade. 
A great deal of attention has been devoted in particular to Calabi-Yau manifolds. These mani- 
folds play a prominent role in theoretical physics, and as a result physicists have made a number 
of important predictions concerning CY-manifolds. Some of these predictions have been verified 
mathematically; others have not. 

If Y is a compact Kahler submanifold of the complex projective space P n , one could try to compute 
the GW-invariants of Y by relating them to the GW-invariants of P n . For example, suppose Y is 
a hypersurface in P n of degree a. In other words, if 7 — ► P n is the tautological line bundle and 

£ = 7 *®a >F n^ then 

Y = s- 1 (0), 

for some s 6 H°(F n ;£) such that s is transverse to the zero set. If g, k, and d are nonnegative 
integers, let 9Jt Si fc(P n , d) and 9Jt Si fc(Y, d) denote the moduli spaces of stable Jo-holomorphic degree-d 
maps from genus-g Riemann surfaces with k marked points to P n and Y, respectively. These mod- 
uli spaces determine the genus- <? degree-d GW-invariants of P n and Y. 

By definition, the moduli space 9JT Si fc(Y, d) is a subset of the moduli space 9Jl 9j fc(P™, d). In fact, 

Mg, k (Y,d) = {[C, u] eS01 9i fc(P n , d) : sou = G H°(C; u*£) }. (1.1) 

Here [C, u] denotes the equivalence class of the holomorphic map u: C — >P n from a genus-g curve C 
with k marked points. The relationship 1)1. ljl can be restated more globally as follows. Let 

7r d g:k :^ k (¥ n ,d) -^Wl g , k (P n ,d) 

be the semi-universal family and let 

ev d g y.H 9tk (P n ,d)^¥ n 

be the natural evaluation map. In other words, the fiber of -K d g k over [C,u] is the curve C with k 
marked points, while 

ew d gik ([C,u;z}) = u(z) if zeC. 
We define a section s gk of the sheaf 7r d ^ev^X — >9Jt 5ifc (P n , d) by 

4A C M) =[sou]. 
By (|1.1[) . Tlg t k(Y, d) is the zero set of this section. 
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The previous paragraph suggests that it should be possible to relate the genus-g degree-d GW- 
invariants of the hypersurface Y to the moduli space dJl g>k (P n , d) in general and to the sheaf 

n d gM e^* k &^M g>k (F n ,d) 

in particular. In fact, it can be shown that 

GWj fe (d;V) = (V, \m , k (y,d)] mr ) = (fe^evjfi), p,, fc (P»,d)]) (1-2) 

for all if) £ H*(Wl 0jk (F n , d); Q); see |Beaj for example. The moduli space M 0ik (F n , d) is a smooth 
orbivariety and 

4<£^l 0ifc (r,,i) (1.3) 

is a locally free sheaf, i.e. a vector bundle. The right-hand side of (|1.2j) can be computed via the 
classical localization theorem of [ABoj , though the complexity of this computation increases rapidly 
with the degree d. 

A hyperplane property, i.e. a relationship such as (|1,2|) . for positive-genus GW-invariants has 
been elusive since the early days of the Gromov-Witten theory. If <?>0, the sheaf 

is not locally free and need not define an euler class. Thus, the right-hand side of (| 1.2)1 may not 
even make sense if is replaced by g>0- Instead one might try to generalize (|1.2|) as 

GWl k (d;1>) = <V>, [M 9tk (Y,d)] vir ) 

= ^.e^^evjfcfi-li^ev*^), \Tl g , k (P n ,d)] mr ), 

where k ^eVg* k £ — >Tl g , k (P n , d) is the ith. direct image sheaf. The right-hand side of <|1-4|) can 
be computed via the virtual localization theorem of [GrPlj . However, 

N x {d) = GWX fi {d;l) + <e( J R°^ ,evf; £- J R 1 ^ ,evf* £), [Mx(P 4 , d)] mr ), 
according to a low-degree check of |GrP2| and [Kj for a quintic threefold Y CP 4 . 

In this paper we prove a hyperplane property for genus-one GW-invariants. We denote by 

Ml k (¥ n ,d) c%(f,d) 

the closure in 9Ki ) / c (P n , d), either in the stable- map or Zariski topology, of the subspace 

m° 1:k (F n ,d) = {[C,ii]eii it (P n ,d):C is smooth}. 
If Y C P n is a hypersurface as above, let 

Wf hk (Y, d) = M lik (Y, d) n Wf h k (F n , d). 

Since fc (P™, d) is a unidimensional orbi- variety, it carries a fundamental class. By Corollary ?? 

in |Z6j . k (Y, d) carries a virtual fundamental class. It can be used to define reduced genus-one 
Gromov-Witten invariants: 

GW^(cf;V0 = [Wf lik (Y,d)] mr ) G Q, 



where if) is a tautological (cohomology) class on Wl 1 k (Y,d); see below. We show in this paper that 
the reduced genus-one GW-invariants satisfy a natural analogue of (|1.2|) . 
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Theorem 1.1 Suppose d and a are positive integers, k is a nonnegative integer, £ = 7*®° — >F n , 
nl k : iX 1>k (F n , d) — Wf lik (F n , d) and evf jfc : H ljfc (P n , d) — > P™ 

are the semi-universal family and the natural evaluation map, respectively. If Y C P n is a smooth 
degree-a hypersurface, then 

GW°£(d;V0 = (^(vr^ev^), [M° fc (P",d)]> (1.5) 

/or every tautological class ip on 9Jli j fc(P n , d). 

The tautological classes on 9Jti,fc(P r \ 0!) are certain natural cohomology classes. They include all 
geometric classes defined in Subsection 11.31 We describe the space of all cohomology classes ip to 
which Theorem 11.11 applies in Subsection 12.21 

Implicit in the statement of Theorem 11.11 is that the euler class of the sheaf 

7r^ev*£^M; )fc (P",d) (1.6) 

is well-defined, even though it is not locally free. This is the case by Theorem ?? in |Z5j . 

The right-hand side of 1)1.5(1 should in principle be computable via localization directly. However, 
since the space SJt^ fc (P n , d) is not smooth and the sheaf (|1.6j) is not locally free, the localization 
theorem of |ABoj is not immediately applicable. A desingularization of the space Wl® k (F n , d), i.e. a 
smooth orbivariety QJt^ fc(P n j d) and a map 

t:Wl k (F n ,d)^Tf hk (F n ,d), 

which is biholomorphic onto fc (P n , d), is constructed in |VZj . This desingularization of 9Ut^ k (F n , d) 
comes with a desingularization of the sheaf p.6jl . i.e. a vector bundle 

VU — MS.fcOP". d) s.t. 7f,V{ fc = < fe *evf* fe £. 

In particular, 

(V • e«„ev* £) , [£< fc (P-, d)] > = (n^ ■ e(Vf tk ), [^?, fc (P™, d)] >. (1.7) 

Since a group action on P n induces actions on %R® k (F n ,d) and on Vf k , the localization theorem 
of |ABoj is directly applicable to the right-hand side of 1)1.7(1 . for a natural cohomology class tp. 

By itself, Theorem 1 1 . 1 1 does not provide a way of computing the standard genus-one GW- invariants 
of Y. However, the reduced genus-one GW-invariants capture the contribution of DJli k (Y, d) to the 
standard genus-one GW-invariants. Thus, the difference between the two invariants is completely 
determined by the genus-zero invariants of Y; see Subsection ?? and Proposition ?? in |Z6j . We 
give explicit formulas in some special cases in Subsection 11.31 below. 
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Remark 1: Theorem 11.11 generalizes to arbitrary smooth complete intersections in projective spaces. 
More precisely, if 

£ = 'y*® ai ®. . .0^,*® a ™ > p n 5 

with ai, . . . , a m £ Z + , s G -ff°(P n ; £) is transverse to the zero set in £, and Y = s _1 (0), then 



GW5£(d;V) = <^-e« fc ,evf fe £), p?,,(P n , d)] ), (1.8) 
for every geometric cohomology class ^ on 3Jtifc(P n , d). 

Remark 2: In turn, Remark 1 generalizes as follows. Suppose (X,u, J) is a compact almost Kahler 
manifold, 

Ae H 2 (X;Z)* = H 2 {X;Z)-{0}, 

(£, V) — ► X is a complex vector bundle with connection, and s is a V-holomorphic section of £; 
see Subsections II . 21 and 12 . 21 for terminology. If J is genus-one A-regular in the sense of Definition ?? 
in |Z4j . s is transverse to the zero set in £, and (£, V) splits into line bundles that are (lo, ^-positive 
in the sense of Definition 11.21 below, then 



GW?J(A; V) = (V> • e(V 1 A fc ), [< fc (X, A; J)]" 

-<^' P %» fc (X,A;,)«))' 



(1.9) 



where Y = s 1 (0), V is a tautological class, and the cone 

V* k ^wf hk (X,A;J) 

is the geometric analogue of the sheaf irf k ^evf* k £. It consists of V-holomorphic sections of the 
vector bundle £, as denned in Subsection 11.21 below. By Corollary 11.41 the Poincare dual of its 
euler class is well defined as long as (£, V) is a direct sum of (u, ^4)-positive line bundles. 

Theorem 1 1 . 1 1 and Remarks 1 and 2 have a natural, but rather speculative, generalization to higher- 
genus invariants. Suppose that the main component 

wf gjk (X,A;J)cm gyk (X,A; J) 



is well denned and carries a virtual fundamental class. If so, it determines reduced genus-<7 GW- 



invariants GW ^ (A;ip). Suppose further that (the Poincare dual of) the euler of the cone 



corresponding to the vector bundle (£, V) — >X is well denned. If constructions of these objects 
are direct generalizations of the corresponding constructions in Subsection 11.21 and in |Z4j - |Z6j . 
then the proof of Theorem 11.11 can be generalized to show that 

GWjJ(i;^) = (V-e(V^), \wt gk (X,A; J)] vir ), (1.10) 

provided appropriate generalizations of the assumptions in Remark 2 hold. Along with an equally 
speculative generalization of Theorem ?? in |Z6j stated in Subsection ?? of Z6 , (|1.1U|) would, if 
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true, provide an algorithm for computing arbitrary-genus GW-invariants of complete intersections. 



From the point of view of algebraic geometry as described in [BehFaj and in jLT2j . the genus- 
g degree-d GW-invariant GW^ k (d;ip) is the evaluation of ip on the virtual fundamental class 
[yRg,k(Y, d)] mr . Using the more concrete point of view of symplectic topology as described in |FuUj 
and fLTlj . GW^ k (d; ip) can be interpreted as the euler class of a vector bundle, albeit of an infinite- 
rank vector bundle over a space of the "same" dimension. As in the finite-dimensional case, this 
euler class is the number of zeros, counted with appropriate multiplicities, of a transverse (multi- 
valued, generic) section. It is shown in jLT3j and in jSIj that the two approaches are equivalent. 
In this paper, we take the latter point of view. Similarly, we view the euler class of the sheaf ()1.6|) 
as the zero set of a generic section of its geometric analogue k defined in Subsection 11.21 

Theorem 1 1 . 1 1 and Remark 1 are special cases of Remark 2, which is the same as Theorem 12 .31 It is 
proved in Subsection 12.21 bv showing that the zero sets of two bundle sections whose cardinalities 
are the two expressions in (|1.9|) are the same set. In fact, Theorem 12.31 just like its genus- zero 
analogue, follows easily from definitions of the two sides in ()1.9|) . once it is established that these 
definition are well-posed. 

1.2 Cones of Holomorphic Bundle Sections 

Let (X, u>,J) be a compact almost Kahler manifold. In other words, (X, u) is a symplectic manifold 
and J is an almost complex structure on X tamed by u, i.e. 

u(v,Jv)>0 Vi;6TI-I. 

If g, k are nonnegative integers and A£H2(X; Z), we denote by VR gt k(X, A; J) the moduli space of 
(equivalence classes of) stable J-holomorphic maps from genus-g Riemann surfaces with k marked 
points in the homology class A. Let 9Jl 1 k (X,A; J) be the main component of the moduli space 
9Jti jfc(X, A; J) described by Definition ?? in |Z4j : see also Definition 12.21 below. This closed sub- 
space of Wti t k(X, A; J) contains the subspace Wl® k (X, A; J) consisting of the stable maps [£,u] 

such that the domain £ is a smooth Riemann surface. If J is sufficiently regular, OTT^ k (X, A; J) is 
the closure of Wl\ k (X,A; J) in M 1>jfc (X, A; J). 

Suppose £ — ► X is a complex line bundle and V is a connection in £. If (£, j) is a Riemann 
surface and u: S — >X is a smooth map, let 

V" : r(S; u*£) — ► T(S; T*£®u*£) 

be the pull-back of V by n. If 6= (S, j; u), we define the corresponding <9-operator by 

av )b :r(£;u*£) — ► r(E; A$T*£®u*£), = i (V u £ + iV"£ o j) , (1.11) 

where i is the complex multiplication in the bundle n*£ and 

A^T*E®«*£ = {r?GHom(TS,u*£): r/oj = -i v }. 
The kernel of dy t b is necessarily a finite-dimensional complex vector space. 
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We denote by X\ t k(X, A) the space of all degree- A stable smooth maps from genus-one Riemann 
surfaces with k marked points into X and by 

v£ k -^Xi, k (X,A) 

the cone, or the bundle of (orbi-)vector spaces, such that 

Vl k \ [b] = kerav, 6 /Aut(6) V [b] e X ljk (X,A). 

The spaces X\^(X,A) and V^ k have natural topologies; see Subsection 12.11 below. By Theorem ?? 
in |Z5j . if (X,u), J) is the complex projective space (F n ,u>o, Jo) with its standard Kahler structure 
and (£, V) is a positive power of the hyperplane line bundle, i.e. the dual of the tautological line 
bundle, 7* with its standard connection, then the euler class of 

Vf k ^ml k (X,A;J) 

and its Poincare dual are well defined. By Theorem ?? in |Z5j . this is also the case if J is an almost 
complex structure on F n sufficiently close to Jo- 

The argument in |Z5j easily generalizes to all (X, u, J), (£, V), and A such that (£, V) is a split 
positive vector bundle with connection and J satisfies a certain regularity condition. This regularity 
condition, which is described by Definition ?? in |Z4j . implies that 9Jl± k (X,A; J) has the expected 
topological structure of a unidimensional orbivariety. In this paper, we show that the Poincare 
dual of the euler class of V^ k over 9Jl 1 k (X, A; J) is well defined without any condition on J, as 
long as (£, V) satisfies the requirement of Definition II. 21 see Corollary 11.41 below. 

Definition 1.2 Suppose (X,uj) is a symplectic manifold and A^H<i(X\7lA. A complex line bundle 
£ — >X is (cj, A)-positive if 

(ci(£),B)>0 V BeH 2 {X;Z)* s.t. B = A or (lo, B) < (u, A). 



We note that V^ k — >9Jl 1 k (X, A; J) is not a vector bundle, as the fibers of Vf k are of two possible 
dimensions. In Subsections ?? and ?? of |Z5j . the Poincare dual of the euler class of Vf k is defined 
as the zero set of a generic multisection ip of over Tl lk (X,A; J). This zero set determines a 

homology class in < iXff lk {X, A; J) if 99 is sufficiently regular. In Section ?? of |Z5| . it is shown that 
V^ k contains a vector subbundle of a sufficiently high rank over a neighborhood of every stratum 

of wtl k(X, A; J). The existence of such subbundles implies that regular sections of Vf k exist; see 
Subsection ?? in |Z5j . 

If J does not satisfy the regularity condition of Definition ?? in |Z4j . the moduli space ^^^(X, A; J) 
itself need not carry a fundamental class. In this case, we cannot define the Poincare dual of the 
euler class of V;j\ as the zero set of a section of V^ k over Tl 1 k (X, A; J). On the other hand, in |Z6j . 
the definition of 

Tf hk (X,A;J)dM 1>k (X,A;J) 
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given in }Z4j is generalized to define the main component Wl 1 k (X, A; J, v) of the moduli space 
S3Jtx fc(X, A; J, v) of ( J, z^-holomorphic maps for an effectively supported perturbation v of the dj- 
operator; see Definitions 12.11 and 12.21 below. By Theorem ?? in |Z6j . if v is sufficiently small 
and generic, 9Jli k (X,A; J,v) determines a rational homology class in a small neighborhood of 
9Jli k(X, A; J) in %\j,(X,A). This rational homology class is independent of the choice of v. We 
will define the Poincare dual of the euler class of V^ k as the zero set of a generic multisection of V^ k 

over M l k (X,A; J, v). 

If J is an almost complex structure on X and J= ( Jt)te[o,i] is a family of almost complex structures 
on X, we denote by 

8f tk {X, A; J) and ®f k {X, A; J) 

the spaces of effectively supported perturbations of the <9j-operator on Xi^iX, A) and of effectively 
supported families of perturbations of the dj t -operators on Xi t k{X, A); see Subsection l2.1l for details. 
If 

u = (u t ) tem e^ k (X,A;J), 

we put 

%?i,k (*> A;l,u) = { (t, b) € [0, 1] x X hk (X, A): be Wf 1>k (X, A; J t , u t ) } . 
We denote by Z + the set of nonnegative integers. Let 

dim 1)fc (X, A; £) = dim 1>k (X, A) - 2{c x (£) ,A)=2((a (TX) - c x (£) ,A) + k). 

Theorem 1.3 Suppose (X,u,J) is a compact almost Kahler manifold, A 6 H2{X;'L)* , k £ Z + , 
(£, V) — >X is an (a;, A) -positive line bundle with connection, Vv^ k — > X\ y k(X, A) is the corre- 
sponding cone, and W is a neighborhood of VJl^ k (X , A; J) in Xi t k(X, A). If v G <5\ s k (X, A; J) is 
sufficiently small and generic and if is a generic multisection of V^ k over%ff lk (X,A;J } v), then 
</? -1 (0) determines a rational homology class in W. Furthermore, if J= (Jt)te[o,i] ^ s a family of 
uj-tamed almost complex structures on X, such that Jq = J and Jt is sufficiently close to J for all t, 
and v\ are sufficiently small generic effectively supported perturbations of dj and dj^ , and (fo 
and ipx are generic multisections ofV^ k over 9Jti k (X, A; Jq, z/q) and9Jl ik (X,A;Ji,vx), then there 
exist homotopies 

v = (yt)te[a,i] € ®T,k(X,A)J_) and $ e r(Wf hk (X,A; J,v); v£ k ) 
between uq and v\ and between tpo and ip\ such that <J> _1 (0) determines a chain in W and 

Corollary 1.4 If(X,ui,J), A, k, and (£, V) are as in Theorem M.cA the cone V;j\ — >Xik(X,A) 
corresponding to (£, V) determines a well-defined homology class 

PD Vjf lik (X,A;jf( V t) £ Hx mi>k{X ,A;Z){W?i, k (X,A-,jy,®). 

This class is an invariant of(X,u) and (£,V). 
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As in |Z5j . we will describe the local structure of the cone V^ k . In contrast to |Z5j . we will 
not construct a high-rank vector subbundle of V± k over a neighborhood of every stratum of 

9Jli k (X, A; J,v). Instead, we will use the Tietze Extension Theorem to construct a sufficiently 
regular multisection of V^ k . Its zero set determines a homology class in a small neighborhood of 

9Jti fcC^) M J) i n t ne space X\ jk (X, A). 

For a generic u, WK lk (X, A; J, v) can be stratified by orbifolds U a of even dimensions; see Subsec- 
tion EIU and Remark 1 at the end of Subsection 13.31 The main stratum of Wti k (X, A; J, u), 

m° ltk (X, A; J, v) = Tf ltk (X, A; J, v) n X° 1>k (X, A), 
is of dimension dimi^X, A), where 

X° lik (X,A)cX ljk (X,A) 

is the subspace of stable maps with smooth domains. In Subsection 13.51 we describe a subcone 
V\?i k of Vf k such that W^ k \u a is a smooth vector bundle for every stratum U a . By analyzing 
the obstruction to extending holomorphic bundle sections from singular to smooth domains in 
Section 0J we show that W^ fc is a regular obstruction-free cone in the sense of Definition 13.31 

By Proposition I3.6| for a generic multisection cp of W^ k C V^ k over Wf xk {X, A; J, v), ip\u a is then 
transverse to the zero set in Wi k \u a • By the rank statements of Proposition EH c/? -1 (0) is stratified 
by smooth orbifolds of even dimensions. Furthermore, the main stratum of </? -1 (0) is of dimension 
dim 1 / c (X, A; £) and is contained in Wl^ k (X, A; J,v). We can then choose an arbitrarily small 
neighborhood U of the boundary of </? -1 (0) such that 

Hi(U; Q) = {0} V I > dim 1>fc (X, A; £) - 1. 

Since ip~ 1 (0)—U is compact, via the pseudocycle construction of Chapter 7 in |McSaj and Section 1 
of |RT| . </? -1 (0) determines a homology class 

fc (x^;ii)(W5 ^;Q) 

~^di mi , fc (X,A;£)(^;Q). 

The second part of Theorem 11.31 is a parametrized version of this construction. Corollary 11.41 is 
an immediate consequence of Theorem 11.31 see also Remark 2 in Subsection ?? of |Z6j and the 
comments at the end of Subsection ?? in |Z6j . 

The statement of Corollary II. 41 is not needed to show that the expressions on the right-hand sides 
of (|1.5|) and (|1.8|) are well defined, as this is the case by Theorem ?? in |Z5j . However, the detailed 
statement of Theorem 11.31 is useful for proving Theorem 11.11 and its generalizations in Remarks 1 
and 2 whenever Y is not a Fano complete intersection. If Y is Fano, Theorem 11.11 can be obtained 
from |Z5j by working just with J-holomorphic, instead of (J, i/)-holomorphic, maps. 

Remark: If £ is a direct sum of (w, A)-positive line bundles, the Poincare dual of the euler class of 
the corresponding cone is defined to be the cap product of the Poincare duals of the euler classes 
of the cones corresponding to the component line bundles. The cap product can be defined by 
intersecting pseudocycle representatives for the above homology classes; see Subsection ?? in |Z5j . 
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1.3 Some Special Cases 



Proposition ?? in |Z6j implies that the difference between the standard and reduced genus-one 
invariants of a symplectic manifold (Y,uj) is a combination of the genus-zero invariants of Y. The 
exact form of this combination can be determined in each specific case. 

If (Y, to, J) is an almost Kahler manifold, for each 1 = 1, ... ,k let 

ev ; : Wl g ,k(Y, A; J) — ► Y, [S, y x , . . . , y*; u] — > u(yi), 

be the evaluation map at the Zth marked point. We will call a cohomology class tp on 9JI 5i fc(Y, A; J) 
geometric if ip is a product of the classes ev^/i; for m £ i?*(Y;Z). By Theorem ?? in |Z6j . if 
vie # 2 (Y;Z)*, then 



for every geometric cohomology class tp on SJJti ^(Y, A; J). 

In the rest of this subsection, we discuss some implications of Theorem 11.11 and Remarks 1 and 2, 
combined with (|1.12|) . focusing on Calabi-Yau complete- intersection threefolds. We note that if Y 
is a Calabi-Yau threefold, then the expected dimension of the moduli space 9Jt Si o(Y, A; J) is zero 
for every g and A. 

With notation as in Theorem (|1.3[) . if a = 5, Y is a quintic threefold. It can easily seen that 
Cl (TY) = 0. Let 

N g (d) = GWl (d;l). 
Theorem 1 1 . 3 1 and equation ()1.12j) then give 

Corollary 1.5 Suppose d is a positive integer, £ = 7*® 5 — >P 4 , and 

vrf:Ui(P 4 ,d) — ><OT?(P 4 ,(i) and evf : iii(P 4 , d) — ► P 4 

are the semi-universal family and the natural evaluation map, respectively. If Y C P 4 is a smooth 
quintic threefold, 

N x {d) = ^N (d) + (e(vr^evf £), [Wt?(P 4 , d)] >. (1.13) 



The middle number in (|1.13|) can be computed using (|1.2|) . This has been done for every d in 
|Berj . |Calj . |Gij . |Lej . and |LLYj . As mentioned in Subsection ll.il the last number in (|1.13|) can 

be computed, for each given d, via the classical localization theorem of |ABoj . Similarly to the 
genus-zero case, the complexity of computing the last term in (|1.13|) increases rapidly with the 
degree d. Its low-degree values are shown in the second row of Tabled The numbers n\{d) that 
appear in the last row of this table are defined by 

N (d) = y^l, ^(^Ir^+v^. 

^— ' K 6 12 i! — J K t-* 1 k 

k\d k\d k\d 
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d 


l 


2 


3 


4 


(...) 





2,875 
32 


49,355,000 


952,091,384,375 
256 


Ni(d) 


2,875 
12 


407,125 

8 


243,388,750 
9 


366,163,353,125 
16 


m(d) 








609,250 


3,721,431,625 



Table 1: The Low-Degree GW-Invariants of a Quintic Threefold 



The numbers no(d) and n\{d) are of importance in theoretical physics. Conjecturally, n g (d) is a 
count of J-holomorphic degree-d genus-g curves in Y for a generic almost complex structure J 
on Y. The low-degree numbers n\{d) obtained from Theorem 11.31 agree with those predicted by 
physicists; see Table 1 in |BCOVj . 

With notation as in Remark 1 in Subsection 11.11 if a\ + . . . + a n = n + l and Y is a corresponding 
complete intersection, then Y is a Calabi-Yau threefold. Let 

Nj(d) = GWl (d;l). 

The identities in Remark 1 and in (|1.12|) then give 

N?(d) = ±NZ(d) + <e«evf £), ^(f.d)]). 

Once again, both terms on the right-hand side are computable via (|1.2j) and the classical localiza- 
tion theorem. 

In the more general case of Remark 2 in Subsection ll.il Y is a Calabi-Yau threefold if 
ci (£) - ei (TX) = and dim R X - 2rk c £ = 6. 

In such a case, 

where Vf k is the cone corresponding to (£, V) and iVj(A) = GW^ (A; 1). 

Two completely different approaches to computing positive-genus GW-invariants of complete inter- 
sections have been proposed in jGa2| and [MaPj . Both approaches use degenerations and relative 
Gromov-Witten invariants. The first approach can be used to compute the genus-one and -two GW- 
invariants of a quintic threefold. The latter can be used to compute arbitrary-genus GW-invariants 
of a quintic threefold as well as of some other low-degree low-dimensional complete intersections. In 
contrast, Theorem II .11 above and Proposition ?? in |Z6j are at the present restricted to genus-one 
GW-invariants only, but are applicable to arbitrary complete intersections. 

We would like to thank D. Maulik, R. Pandharipande, G. Tian, and R. Vakil for a number of 
helpful discussions. 
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2 Hyperplane Property for Genus-One GW-Invariants 



2.1 Review of Definitions 

Suppose X is a compact manifold, AgH2(X;Z), and g,k£Z + . Let Xg^(X,A) denote the space 
of equivalence classes of stable smooth maps u : S — > X from genus-g Riemann surfaces with 
marked points, which may have simple nodes, to X of degree A, i.e. 

u*[£] =4 G H 2 (X;Z). 

The spaces A) are topologized using L^-convergence on compact subsets of smooth points of 

the domain and certain convergence requirements near the nodes; see Section 3 in |LT1) . Here and 
throughout the rest of the paper, p denotes a real number greater than two. The spaces X 9i k(X, A) 
can be stratified by the smooth infinite-dimensional orbifolds %t(X) of stable maps from domains 
of the same geometric type and with the same degree distribution between the components of the 
domain; see Subsections 13. II and 13.21 The closure of the main stratum, 3£® k (X, A), is X g> k(X, A). 

If J is an almost complex structure on X, let 

T° g f k (X,A; J)^X g>k (X,A) 

be the bundle of (TX, J)-valued (0, l)-forms. In other words, the fiber of T gk (X, A; J) over a point 
[b] = [£, j; u] in X 9j k(X, A) is the space 

r° g '*(X,A;J)\ [b] = T ' 1 ^; J)/Aut(6), where r 0,1 (6; J) = r(S; A°;*T*£®m*TX) . 

Here j is the complex structure on E, the domain of the smooth map u. The bundle AjjT*E®«*TX 
over S consists of (J, j)-antilinear homomorphisms: 

A°jjT*Y,®u*TX = {r]£Rom(TT,,u*TX): Jor] = -r]oj}. 

The total space of the bundle F g ' k (X, A; J) — >X gj k(X, A) is topologized using L p -convergence on 
compact subsets of smooth points of the domain and certain convergence requirements near the 
nodes. The restriction of T^'^X, A; J) to each stratum Xt(X) is a smooth vector orbibundle of 
infinite rank. 

We define a continuous section of the bundle r°'|,(X, A; J) — > X 9t k{X, A) by 

dj([B,j;u]) =djju = ^(du + Joduoj). 

By definition, the zero set of this section is the moduli space 9Jt 9i fc(X, A; J). The restriction of dj 
to each stratum of X g k(X, A) is smooth. The section dj is Fredholm, i.e. the linearization of its 
restriction to every stratum 3Lq-(X) has finite-dimensional kernel and cokernel at every point of 
9j 1 (0)nXr(X). The index of the linearization of dj at an element of 9JT° ^{X, A; J) is the expected 
dimension of the moduli space dJl g ^(X, A; J), 

dim g , k (X,A) = 2((a{TX),A) + (l-#)(n-3) +k), where 2n = dim R X. 
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This is the dimension of the cycle 

M g , k (X,A;J,v) = {dj+u}~\o) 
for a small generic multivalued perturbation 

v£ &°£(X,A;J) =T(X g , k (X,A),Tl'l(X,A; J)) 

of dj, where ® g ] k (X, A; J) is the space of all continuous multisections v of T g ' k (X, A; J) such that 
the restriction of v to each stratum £<r(X) is smooth. We use the term multisection, or multi- 
valued section, of a vector orbi-bundle as defined in Section 3 of |Fu( )j . Since the moduli space 
dJlg t k(X, A; J) is compact, so is 9Jl gtk (X, A; J, u) if v is sufficiently small. 

An element [S;ii] of X\ ik {X, A) is an equivalence class of pairs consisting of a prestable genus-one 
Riemann surface E and a smooth map u : E — > X. The prestable surface E is a union of the 
principal component(s) Ep, which is either a smooth torus or a circle of spheres, and trees of 
rational bubble components, which together will be denoted by Ep. Let 

X\°1(X,A) = {[E;u]eX lik (X,A): U *[E P ] / G iT 2 (X; Z)}. 

Suppose 

[E;u] G 3Ei, fc (A-,A) - 3t{ fc } (X, A) , (2.1) 

i.e. the degree of u\s p is zero. Let x°(E;ii) be the set of components Ej of E such that for every 
bubble component E^ that lies between Ej and Ep, including Ej itself, the degree of u\s h is zero. 
The set x°(E; n ) includes the principal component(s) of E. We give an example of the set x°(E; u ) 
in Figure^ In this figure, we show the domain E of the stable map (E; u) and shade the components 
of the domain on which the degree of the map u is not zero. Let 

;ex (S;«) 

Every bubble component EjCEp is a sphere and has a distinguished singular point, which will be 
called the attaching node of Ej. This is the node of Ej that lies either on Ep or on a bubble E^ 
that lies between Ej and Ep. We denote by x(E; u) the set of bubble components Ej such that the 
attaching node of Ej lies on E° and the degree of u]^ is not zero. 

Definition 2.1 Suppose (X,u>) is a compact symplectic manifold and J = {Jt)t<=[o,i] ^ s a C 1 - 
continuous family of to-tamed almost structures on X. A continuous family of multisections 
u = (vt)te[o,l]> with v t G <&^\(X, A; J t ) for all t G [0,1], is effectively supported if for every 
element 

6=[E;«] G X lik (X,A)-X\ 0} k (X,A) 
there exists a neighborhood Wb of E° in a semi-universal family of deformations for b such that 

^(E / ;« / )| E 'nm = V PV] € £ 1>fc (*, A), i€ [0, 1]. 
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"tacnode" 

Figure 1: An Illustration of Definition 12,21 



If b = [X; u] is an element of Xi^(X, A), a semi-universal universal family of deformations 
for b is a fibration 

U h — > A b 

such that Ab/Aut(6) is a neighborhood of b in Xi t k(X, A) and the fiber of a b over a point [£';?/] 
is £'. If J= (t/t)te[o i] is a continuous family of cj-tamed almost structures on X, we denote the 
space of effectively supported families v_ as in Definition 12.11 bv ®^ s fc (X, A; J). Similarly, if J is an 

almost complex structure on X, let <25^ fc (.X~, A; J) be the subspace of elements v of (5°' fe (X, A; J) 
such that the family v t = v is effectively supported. 

Suppose v £ &l s k (X, A; J) and [£;u] is an element of 0Jli ;k (X, A; J, u) as in Definition 12.11 Since 
Sj C is a sphere, we can represent this element by a pair (£; u) such that the attaching node 
of every bubble component Sj C S_b is the south pole, or the point oo = (0, 0, —1), of S 2 C M 3 . Let 
600 = (1,0,0) be a nonzero tangent vector to S 2 at the south pole. If i£Lx(Y*\u), we put 

T>i(E;u) = djnlsjj^eoo G T u | s . (oo) X 

We note that n^o is a degree-zero holomorphic map and thus constant. Thus, u maps the attaching 
nodes of all elements of x(£> u ) to the same point in X. 

Definition 2.2 Suppose (X,uj,J) is a compact almost Kahler manifold, A G i^(X;Z)* , and 
&EZ + . If z/ G (25^ s fc (X, j4; J) is an effectively supported perturbation of the dj -operator, the main 

component of the space dJl\ : k(X, A; J, u) is the subset ^^ ^(X, A; J, u) consisting of the elements 
[£; u] of 9Jli t k(X, A; J, v) such that 

(a) the degree of u\s P is not zero, or 

(b) the degree of u|s p is zero and dime Span^ j^{T>i{Tj;u): iGx(X; u )} < |x(£;^)|- 

We note that Wl 1 k (X, A; J, v) is a compact space by Theorem ?? of |Z6j if v is effectively sup- 
ported and sufficiently small. For a generic effectively supported u, fcP^j A\ -A ^) determines a 

homology class of the expected dimension in a small neighborhood of OJT^ ^(X, A; J) in Xi >k (X, A) 
which is independent of v and J; see Theorem ?? and Corollary ?? in |Z6j . 

If X, A, g, and A; are as above and (£, V) — >X is a vector bundle with connection, we denote by 

r g>k (Z,A)^X gtk (X,A) 
the cone such that the fiber of r Si ^(£, A) over [6] = [S; u] in £ 5j /%(X, il) is the Banach space 
r^CC^L = r(6;£)/Aut(6), where r(6;£) = L?(£;u*£). 



14 



The topology on the total space of T 9jk (£, A) is defined analogously to the topology on T gtk (TX, A) 
of Section 3 in |LTlj . Let 

V£k = {[b,Z]er g ,k(£,A): [b]eX g>k (X,A); £ekerdy jb C T gtk (b;£)} C T g>k (S,,A). 

The cone V^ fc — >X 9jk (X, A) inherits its topology from T g k (£, A). 

2.2 Statement and Proof of Hyperplane Property 

We will call a cohomology class ip on Xi k (X, A) tautological if there exists a vector bundle 

W^X hk (X,A) 

such that W\x T (x) is smooth for every stratum %t(X) of Xi tk (X,A) and ip = e(yV). 

If (X, J) is an almost complex manifold and (£, V) — >X is a complex vector bundle with connec- 
tion, we will call a section s of £ V-holomorphic if 

3 v s = - (Vs + iVs o J) = 0. 

Theorem 2.3 Suppose (X,oj,J) is a compact almost Kahler manifold, A £ Hi{X\'£)* , kd'L + , 
(£, V) — > X is a complex vector bundle with connection, and s is a V-holomorphic section of £ 
such that J is genus-one A-regular in the sense of Definition ?? in s is transverse to the 

zero set in £, and (£,V) splits into (u, A) -positive line bundles. IfVf k — >3L\ )k {X, A) is the cone 
corresponding to (£, V) and Y = s (Q), 

GW?J(A-V0 = {^^ lAXA ,jf(Kk)) (2-2) 

for every tautological class t/j on Xx jk (X, A). 

Since J is genus-one A-regular, Wt% k (X, A; J) has the expected structure of a topological orbiva- 
riety. By the generalization of the proof of the regularity statement of Theorem ?? in |Z4j anal- 
ogous to Subsection ?? in |Z6j . for all v G (5^ k (X, A; J) sufficiently small DJl^ k (X, A; J, u) also 
has the expected structure of a topological orbivariety. In particular, it is stratified by smooth 
orbifolds of even dimensions as described in Subsection 13.41 below. We will call v E <Sf k (X, A; J) 
(V, s)-compatible if 

Vs|» o u(T,;u) = V[S;u]62i >fc (X,A). 
We note that if v is (V, s)-compatible, then the map 

(E;u) — ► s? )k (Z;u) = sou 6 r(£;u*£) 
defines a continuous section of the cone V^ k over k (X, A; J). 

Since the V-holomorphic section s is transverse to the zero set in £, the (i, J)-linear map 

Vs: TX — ► £ 
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is surjective along Y = s 1 (0). Let U s be a small neighborhood of Y in X such that Vs is surjective 
over U s . The kernel of Vs over U s is then a complex subbundle of (TX, J)\u s i which restricts 
to TY along Y. We denote this subbundle by TY. If v G 0f fc (X,A;J) is such that for all 
[E;u]€£i fc (A-,A) 



g r(s ; A°jr*s®ry), if U (E) c t/ s 

= 0, otherwise, 



then z/ is (V, s)-compatible. Thus, every element z/y G ©^(Y, A; J) can extended to a (V,s)- 
compatible element 1/ of l5^ s fc (X, A; J). Furthermore, if vy is a small, then v can also be chosen to 
be small. 

For a small generic vy G <5\ s k (Y, A; J), *Dt° fc (Y, A; J, vy) is stratified by smooth orbifolds of even 
dimensions so that the largest-dimensional stratum is k (Y, A; J, vy) and 

dimOn? ife (y, A; J, vy) = dim^Y, A). 

Let v be an extension of vy to a small (V, s)-compatible element of &f k (X, A; J). Suppose 

W — £i, fc (X,A) 

is a complex vector bundle of rank dimi fc(Y,.A)/2 as in the first paragraph of this subsection. 
Choose a section / of W over 971° ^(X, A; J, v) such that /|^ a is transverse to the zero set in W\u a 
for every stratum U a of < HSjf 1 k (X, A; J, v) and of Wt^ k (Y, A; J,uy). Then, 

f-\0)nwf hk (Y,A; J,u Y ) C Wll k (Y,A;J,v Y ) and 

GW?£(A;^)= ± |r 1 (0)nM; jfc (y,A;J, I , y )|. (2.3) 

(2.4) 

On the other hand, since i/ is (V, s)-compatible, sf k is a section of 

V* k -^Tll k (X,A-J,v). 

Furthermore, 

Kk} _1 (0) = %?i, k (X, A; J, i/)n3e 1)fe (y, A) = Wf ljk (Y, A; J,u Y ); 

=> r 1 (o)n{^ fc }" 1 (o) = r 1 (o)nM° fc (y,AJ, l /y)caK? ifc (x,A;j,i/). (2.5) 

Note that if [6] = [£; u] G Tl° l k {Y, A; J,vy), 

keids^ k \ b = {£ Gker D J}V . )b : Vs| u o£ = o} 



kerDj )I/;ft nr(E;u*ry) = kerL> 



(2.6) 



where Dj y . b and D/i^^^ are the linearizations of dj + v and dj\ Y + vy at 6. The second equality 
above is immediate from the transversality of s. By (|2.6|) . 



dim R Im(is ljA .|( S;u ) = dim ker D J)V . )b - dimker Dj\ Y)VY . b 

= dim ljk (X, A) - dim 1)fe (F, A) = 2(a(£),A) = dim M Vf >k \ [b] . 



(2-7) 
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The second equality above follows from our assumption that the operators and Dj^^.f, are 

surjective; The last equality is a consequence of the (w, £)-positivity assumption. By (|2.7[) . sf k is 
transverse to the zero set in V^ k along Wl® k (X, A; J, v). Since / is transverse to the zero set in W 
along Wi\ k {X,A] J,uy), it then follows from (J22J) that 

^' PD OT?, fc (x,A;j) e ( V 6)> = ± |r 1 (0)n{^ fc }- 1 (0)| = ^f-^nWf^A; J,uy)\. (2.8) 
Theorem E3] follows from and (JTHJ). 

3 Ingredients in Proof of Theorem 11.31 
3.1 Notation: Genus-Zero Maps 

In this subsection we describe our detailed notation for bubble maps from genus-zero Riemann 
surfaces and for related objects. In general, moduli spaces of stable maps can stratified by the dual 
graph. However, in the present situation, it is more convenient to make use of linearly ordered sets: 

Definition 3.1 (1) A finite nonempty partially ordered set I is a linearly ordered set if for 

all i\,i2,h£l such that ii,i2<h, either i\<i<i or i<i<i\. 

(2) A linearly ordered set I is a rooted tree if I has a unique minimal element, i.e. there exists 
6 I such that < i for all i£l . 

If / is a linearly ordered set, let I be the subset of the non-minimal elements of I. For every h€l, 
denote by t^Gl the largest element of / which is smaller than h, i.e. z./ l = max|iG/ : i<h}. 

We identify C with S 2 — {00} via the stereographic projection mapping the origin in C to the north 
pole, or the point (0,0,1), in S 2 . Let M be a finite set. A genus-zero X-valued bubble map 
with M -marked points is a tuple 

b = (M,I;x, (j,y),u), 

where I is a rooted tree, and 

x:I — >C = S 2 -{oo}, j:M — >I, y: M — >C, and u: I — >C co {S 2 ;X) (3.1) 
are maps such that Uh(oo) = u Lh (xh) for all h£l. We associate such a tuple with Riemann surface 

= ( |_J T,b,i) I ~ 5 where = {i} x S 2 and (h, 00) ~ (i h , Xh) V/tel, (3.2) 
iei 

with marked points 

Vl(b) = (ji,yi) 6 E bJl and y (b) = (6, 00) G E 6fl , 

and continuous map Uj, : — >X, given by i =Ui for all i£l. The general structure of bubble 
maps is described by tuples T = (M, I;j,A), where 

Ai=u t 4S 2 ]e H 2 (X;Z) ViG/. 
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We call such tuples bubble types. We denote by 3£t(X) be the space of all bubble maps of type T. 
For Zg{0}UM, let 

evr.Xr(X) 

be the evaluation map corresponding to the marked point y\. 
With notation as above, suppose 

b=(M,I;x,(j,y),u) d T (X). 

In particular, I is a linearly ordered set with minimal element and the special marked point is 
the point 

y (b) = (6,00) G E fe5 . 

Let X°(6) be the set of components Ej,^ of £& such that for every component E& h that lies between 
Ej and E b Q, including Ef,^ and E b g, the degree of u|s b h is zero. The set is empty if and only 

if the degree of the restriction of ui, to the component containing the special marked point is not 
zero. Let 

E° = {(0,oc)}u JE M . 

ie x °(b) 

We denote by 

x (b) = x(T)cI 

the set of components Ej,^ of E5 such that E^ has a point in common with E^ and the degree of 
Ub\z bi is not zero, i.e. E^ is not an element of x°(6). 

If b = (Yif J ] u b) is a bubble map with a special marked point as above and i€.x(b), we put 

T>ib = du^^eoo G r Mfe .(^jX, 

where Uj,j = Similarly, if (£, V) is a complex line bundle with connection over X and 

£ = (Ch)hei is an element of F(b; £), we put 

®b,it = V^&L G £« M (oo)- 

Note that if £ G ker <9v,fe> 

VZMoo = c -®bA VceC. (3.3) 
If in addition £ is it;,* [E&])-positive, then the linear operator By & and the linear map 

are surjective. This can be seen by an argument similar to Subsection 6.2 in |Z2j . 
3.2 Notation: Genus-One Maps 

We next set up notation for maps from genus-one Riemann surfaces. In this case, in contrast to 
the genus-zero case, we also need to specify the structure of the principal component. We describe 
it by enhanced linearly ordered sets: 
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Figure 2: Some Enhanced Linearly Ordered Sets 



Definition 3.2 An enhanced linearly ordered set is a pair (i", K), where I is a linearly or- 
dered set, N is a subset of IoX Iq, and Iq is the subset of minimal elements of I , such that if 

N>i, 

N = {(n,^), (*2,*3), ••• , (in-l,»n), (*ri)*l)} 

/or some bijection i: {1, . . . , n} — ► Jo- 

An enhanced linearly ordered set can be represented by an oriented connected graph. In Figure 12 
the dots denote the elements of I. The arrows outside the loop, if there are any, specify the partial 
ordering of the linearly ordered set I. In fact, every directed edge outside of the loop connects a 
non- minimal element h of I with l^. Inside of the loop, there is a directed edge from i\ to if and 
only if (zi,i2)eN. 

The subset N of Iq x Iq will be used to describe the structure of the principal curve of the domain 
of stable maps in a stratum of %im(X, A). If M = 0, and thus |Jo| = 1) the corresponding principal 
curve Sp is a smooth torus, with some complex structure. If N^0, the principal components form 
a circle of spheres: 

S?=(UWxS 2 ) / /~, where (n, oo) ~ (i 2 , 0) if {h,i 2 ) €N. 
ieio 

A genus-one X-valued bubble map with M-marked points is a tuple 

b= (M,I,U;S,x,(j,y),u), 

where S is a smooth Riemann surface of genus one if K = and the circle of spheres Sp otherwise. 
The objects x, j, y, u, and (Ef,, Ub) are as in ()H.1|) and QM.2|) . except the sphere S b Q is replaced 
by the genus-one curve Y,f,.p = S. Furthermore, if H = 0, and thus Iq = {0} is a single-element set, 
Uq G C°°(S; X) and yi£ S if j/ = 0. In the genus-one case, the general structure of bubble maps is 
encoded by the tuples of the form T = (M, j,A). Similarly to the genus-zero case, we denote 
by Xt{X) be the space of all bubble maps of type T. Let 

X r {X) = {[b]eX 1>M (X,A):bek T (X)}. 



If v is an element of &f M (X, A) , we put 

UtA X ,J) = {[b}eX r (X):{dj + u}(b)=0}. 
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If T = (M, I, H;j,A) is a bubble type such that A, = for all minimal elements % of I and [E; u] is 
an element of Ut,v(X; J), the map u\s p is constant. Let 

e-v P :U r ^{X;J) — >X 

be the map sending each element [E; it] of Ut,v(X; J) to the image of the principal component Ep 
of E, i.e. the point u(Ep) in X. We note that the map 

X T (X)^2 7 , &—>*(&), 

is constant. We denote its value by x(T). 

Suppose 6= (Ef,;uf,) is an element of SCi^pf, A) as above and (£, V) is a complex vector bundle 
with connection over X. If £ = {£h)h&i is an element of r(&;£) and i£ I — Iq, similarly to the 
genus-zero case, we put 

where u^i = u h \^ b V 

Finally, all vector orbi-bundles we encounter will be assumed to be normed. Some will come with 
natural norms; for others, we implicitly choose a norm once and for all. If 713 : J — >X is a normed 
vector bundle and 5: X — >M is any function, possibly constant, let 

3s = {v£$: \v\<5(n s (v))}. 

If is any subset of 5, we take Qs = £l n $5. 

3.3 Topology 

In this subsection we prove a general topological result, Proposition 13.61 For the sake of clarity, we 
state and prove it only in the manifold/section category, but Proposition 13.61 and its proof carry 
over easily to the orbifold/multisection category. 

Similarly to Subsection 11.21 by a cone it : W — > Wl we mean a continuous map between two 
topological spaces such that W x = tt~ 1 {x) is vector space for each x S 971 and the vector space 
operations induce continuous functions on WxW and CxW. 

Definition 3.3 (1) A cone it: W — >9JT is regular if for every b£9Jt, there exist a neighborhood 
Ub of b in 9Jt, and a bundle map 

<p b :W\ Ub ^U b xC n » 

over Ub such that ifb is a homeomorphism onto its image and the restriction of (pb to each fiber is 
linear. 

(2) A cone it: W — >9Jt is obstruction-free if for every b£$Jl, £ G Wb, and a sequence b r G 971 
converging to b, there exists a sequence £ r GWb r converging to £ in W. 

If W — >9Jt is a cone, for each rGZ, let 

M r (W) = {beM: rkW 6 = r}. 

Note that if W is obstruction- free, then the set \J r< q9Rr(W) is closed in 9JT. 
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Lemma 3.4 Suppose DJt is a compact Hausdorff space that has a countable basis at each point, 
A is a closed subset of Wl, W — > Wl is a regular obstruction-free cone, and s is a section of W 
over A. If 

r A = min{rkW b : b£Tl-A}, 
s extends to a continuous section sofW over Au9Jl rA (W). 

Remark 1: It is enough to assume that Wl is a paracompact (Hausdorff) space that has a countable 
basis at each point. 

Remark 2: An immediate corollary of this lemma is that s extends to a continuous section of W 
over 971. 

Let {Ub}beA be a finite open cover of the compact set Au9Jl rA (W) by open subspaces of 9JT as 
in (1) of Definition 13.31 Since Wl is normal, we can choose an open cover {U b }b<=A of AL)9Jl rA (W) 
such that U b C Ub for all b S A. Since U b is normal for each b S A, by the Tietze Extension Theorem 
the continuous section f = Lpb°s of UbxC nb over Ar\U b extends to a continuous section / over U b . 
Let 

it- : U b x C n » — ► Im ip b 

be the orthogonal projection map. We will show in the next paragraph that the section Ti b °f is 
continuous over (AuWl rA (W))nU b . Since AUWl rA (W) is normal, we can choose a partition of unity 
{r]b}beA subordinate to {U b }beA- The section 

s = ^2vf {<Pb lon b°f) 

b&A 

is continuous over AUTl rA (W). Since /(x)Glm^ for all x£AnU b , 

TT-f(x) = 7r-f(x) = f{x) WxeAnui. 

Thus, s\a = s as required. 

It remains to show that the section ir b of is continuous over (AuWl rA (W))nU b . Since 

^b /Ln£/£ = f\AnU^ 

■K b f is continuous along the closed subset AC\U' b of U b . Thus, we need to show that if 

x r eMr A {w)nu' b 

is a sequence converging to x£U b , then ir b f(x r ) converges to ir b f{x). Suppose first 

x eM rA {W)r\U' b . 

We will show that tt^I^. (w)n£?' * s continuous at x. Let {£?.}ie[r A ] be an orthonormal basis for 
Im^la;. By (2) of Definition 13.31 for each iefr^] there exists a sequence £j ;r Slm^l^ converging 
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to £j. Since b,b r E VJl rA (W), {S,i-r}ie[r A ] is basis for lm(pb\ Xr for all r sufficiently large. Since 
£j. r — >£ ti for all i£ [r^] and {Ci}ie[r A ] is an orthonormal basis, 



1, ifi=j; 
0, ifi^j. 



Thus, applying the Gramm- Schmidt normalization procedure, we can find an orthonormal basis 
fe;r}ig[r A ] fo r I m ¥?fcU r such that £,i- r — > & for all i£ [ta]- It follows that ir^\ Xr — *^\x as needed. 
On the other hand, suppose that x E Af\U' b . We will view /, /, and tt^ f = ir x f as C ni >-valued 
functions. By (2) of Definition 13.31 there exists a sequence £ r E Im <fb\x r converging to f{x). Since 

^x r sr = sr J 

- 7r Xr /(a; r )| = \f{x) - TT Xr f(x r )\ 

<2|/(x)-e r | + |/»-/> r )|. 

The last two terms above approach by the assumption on £ r and the continuity of f r . 

Remark: The projection tt^ is not continuous over Ub unless the rank of W is constant over Ub- 
Similarly, the section tt^ o / may not be continuous over U' b unless the rank of W is constant 
over U' h — A. 

Definition 3.5 IfdJtisa topological space and (A,~<) is a finite partially ordered set, a collection 
{U a }aeA of sub spaces ofdJt is a stratification of 9Jt ifU a is a smooth manifold for all a E A, 

dU a =U a -U a C (J Up Va£A, and Tl=\_\U a . 

f3^a aeA 

Proposition 3.6 Suppose 971 is a compact H aus dor ff space that has a countable basis at each point, 
{U a }aeA is a stratification o/97t, and W — >97T is a regular obstruction- free cone. IfW\u a — >U a 
is a smooth vector bundle for all a£ A, the cone W admits a continuous section s over 9JT such 
that s\u a is smooth and transverse to the zero set in W\u a for all a£A. 

Choose an ordering < on the partially ordered set (A, -<) such that for all a,(3GA, 

rkW| M/3 <rkWk (3<a; (3.4) 

rkW| W/3 =rkW| Wa , fi<a j3<a. 

Since W is obstruction- free, \J r<q 9Jlr(W) is closed in 971, and 

dU a C \JUp VaeA, (3.5) 

I3<a 

by the closure condition of Definition 13.51 Suppose a€A and we have defined a continuous section 
s of W over the closed set 

(JUp 

(3<a 
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such that s\ur is smooth and transverse to the zero set in W\up for all j3<a. By ()3.4[) and (|3.5|1 . 

rA = min{rkyVfo: b<=VJl-A} = vkW\u a - 
Thus, by Lemma 13.41 s extends to a continuous section s over 

AUU a C AuM rA (W). 

Perturbing s over U a , without changing it over A, we obtain a continuous section s over AuU a 
such that s|z^ is smooth and transverse to the zero set in Wlup for all (3 <a. This construction 
implies Proposition 13,61 

Remark 1: In the orbifold/multisection category as needed for the purposes of this paper, a stra- 
tum ti a locally is a union of finitely many smooth suborbifolds of a smooth orbifold 3C Q . We will 
still call such unions smooth orbifolds. The bundle W|w Q is the restriction of a smooth orbibundle 
over 3£ a . 

Remark 2: The cone V^ k is not obstruction-free, but is regular. In Subsection 13.51 we describe a 
subcone W^ fc C V^~ k which is obstruction-free and sufficiently large for the purposes of Theorem ll.3l 

3.4 The Structure of the Moduli Space Wf 1>k (X, A; J, v) 

In this subsection, we describe the strata of the moduli space djtl k (X, A; J, v) for a small generic 
element v of <3f k (X, A; J). If k € Z, we denote by [k] the set of positive integers that do not 
exceed k. Let 2n = dimigX. 

Lemma 3.7 Suppose (X,u,J), A, k, and v are as in Theorem M.tA If 

T=([k],I,X;j,A) 

is a bubble type such that Y2 ie jAi = A and Ai^O for some minimal element i of I, thenlAq-^{X\J) 
is a smooth orbifold and 

^xvsxUt,v{X;J) = dimi t k(X,A) — 2(|N| + |J|). 



The statement that Ut,u(X; J) is smooth should be interpreted as in Remark 1 at the end of 
the previous subsection. The branches of Ur,u{X; J) correspond to the branches of v. For a 
generic the linearization Dj^h of the bundle section dj + v at [b] is surjective for every element 

b in Wli k (X, A; J, u) such that Ub\T, b . P is not constant. Thus, Lemma l3~7l is obtained by a standard 
Contraction Principle argument, such as in Chapter 3 of |McSaj . 

Lemma 3.8 Suppose (X,u,J), A, k, and v are as in Theorem M.tA If 

T=([k],I,X;j,A) 
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is a bubble type such that Yliei^i = A an< ^ ^« = f or a ^ minimal elements i of I, then for each 
raeZ+, 

Ut,» ; i{X;J) = {[b]€U T AX;J): dim c Span^Vib: ie X (T)} = |x(T)|-ro} 
is a smooth orbifold and 

dimW^ ;1 (X; J) =dimi, fe (X,A) -2(|N| + |/| -n + (m+n-|x(T)|)m). 



If T is as in Lemma and 6= u b ) ^Ur,u{X; J), Ub|£ 6 . p is constant. Let 

r fl (6) = {Cer(s 6 ;<rx) : C|s b;P =0}; 
rf(b-,j) = {r ] er(z b ;AY j T*?: b ® u * b TX): vk b , P =o}. 

If v is genetic, the operator 

D^. b :T B (b)^rf(b;J) 
induced by Dj^ U]b is surjective. Thus, the space Ut,v(X; J) is a smooth orbifold of dimension 

dimW^ ;1 (X; J) = dimi jfe (X, A) - 2(|N| + |J|) + 2n. 

We note that 

dimW^.^X; J) ±% max(l,| X (T)|-n) <m< | X (T)|. (3.6) 

As at the end of Subsection ?? in |Z5j . we can construct a vector bundle F over Uq- jV {X\ J) of rank 
|x(7~)|, a vector bundle V over 

Gr m F — ► Wx v . x {X; J) 
of rank mn, and a transverse section D m of F such that 

m'>m 

is surjective, and the restriction of 7Tmlx>-i(o) to the preimage of U™ u . l {X; J) is an embedding. This 
observation implies the dimension claim of Lemma 13.81 

The spaces Ut,v(X; J) and V .\{X\ J) of Lemmas 13.71 and 13.81 are disjoint. By Definition 12.21 

their union is Wl® k (X, A; J, v). Let A* be the set of equivalence classes of bubble types T as in 
Lemma 13.71 and A the set of equivalence classes of pairs (T,m) consisting of a bubble type T as 
in Lemma 13.81 and an integer m as in (|3,6|) . We define a partial ordering on the set A = A*UA° as 
follows. Suppose 

T=([k],I,K;j,A) and T = ([k], I' , A') 
are two bubble types as in Lemma 13 . 71 and / or in Lemma 13.81 We write 

t'^t \i'\>\i\, in'i>ini, ij'i+in'i^ji+ini. 
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If TeA* and (T',m')£A°, we define 

T^(T',m') ^ T^T'; (T',m')^T T ' <1 '. 
Finally, if (T, m), (T', m') £A°, we define 

(T',m')-<(T,m) <=^ T'-<T OR T' = T, m'>m. 
By definition of the stable-map topology, 

dU r A x > J)nU T >A x > J ) => T'^T. 

Thus, the closure requirement of Definition IH.5I follows from the continuity of the maps T>i on 
Xr(X) with T as in Lemma ETHl 



3.5 The Structure of the Cone V^ k 

In this subsection, we describe an obstruction-free subcone W^ k of the cone 

>S0S jfc (X,A;J,i/). 

The cone V-j^, over 3^ fc can be shown to be regular by standard arguments; see Remark 2 at the 
end of Subsection Ol Thus, Wf k is regular as well. 

If T is a bubble type as in Lemma EH and [b] £ u&] ^.Ur^iX'-, J)i ^ 

Fi = {KW)GC^) : ^ ^7^=0}; 

f _(&;£) = {£eker<9v ife : ^ w < S m£ = ° V K)ie x (T) G i 7 ), 1 }; 

M = { [(&, £)] e Vf >k | [6] : £ € f _ (6; £) } . 

By (|3.3|) . the subspace W^j^] of VjjJ^] is well-defined. If T is a bubble type as in Lemma ETT1 and 
[6] i N/ .A.X:-!). let 

w itfcl[&] = V^ fe |[ fc ]. 

We take 

w 6= U cV ^- 

[b]eWf ltk (X,A;J,u) 

Proposition 3.9 If (X,lu,J), (£, V), A, k, and v are as in Theorem ] 1.31 the cone 

is regular and obstruction- free. If T is a bubble type as in Lemma \S. 1[ then yVf k \u T V (X;J) ^ s a 
smooth vector orbibundle and 

^wl k \u TA X;j) = {ci^),A). 
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If T is a bubble type as in Lemma \3.tA and m is an integer as in VJ.b}) . then Wj 4 ^™ (X;J) ^ s a 
smooth vector orbibundle and 

* k Wi,k\u? iVSl {X;J) = (ci(-C), A) - (m-1) > -dhnU^X; J) - \ dim lifc (X, A; £). 

If T is a bubble type as in Lemma and [b] £ U*r,u(X; J), the operator <9v,b is surjective, by 
the positivity assumption on the bundle £ and the same argument as in Subsection 6.2 of |Z2j . In 
particular, 

dimVJ^Ip,] = ind«9v, fe = (ci(£),A) V [6] G U r , v {X- J )- 
By standard arguments, the surjectivity of <9v,6 for every [b] gUt,u(X; J) implies that 

YV\,k\uT >v (X;J) = Vl,k\u T , v ( X ' J ) 

is a smooth vector bundle and that the restriction of Vj\ to a neighborhood of Uq-,u{X; J) 
in Xi^k(X, A) is a vector bundle. Local trivializations can be constructed using the homomor- 
phisms R v £ as in Subsection 14.21 In particular, the cone Wj 4 ^, satisfies the requirements of (1) 
and (2) of Definition 13.31 for every [b] &Ut,u(X; J). 

If T is a bubble type as in Lemma I3~%1 and [b] = [£&; Ub] GUt,u(X; J), u^^.p is constant. Let 

T B (b; £) = G r(S fe ; u 6 *£) : £| Eb;P =const } ; 
T^ 1 (&;£) = {n G r(S 6 ; A°£t*£ 6 ®t£C) : ^ = 0} . 

By the positivity assumption on the bundle £ and the same argument as in Subsection 6.2 of |Z2j . 
the operator 

^ i6 :r B (fe;£)^r^(6;£) 
induced by ds7 t b is surjective. In particular, 

dimV^lp] = dimkerdy.b = dimkerd^ b = indd| jfc = (ci(£),A) + 1 V [b] eU T ,A X ^ J )- 

Thus, V^ k \it T V (X;J) is a smooth vector bundle. Similarly to Subsection ?? in |Z5j . for every m as 
in ()3.6|) we can construct a vector bundle F 1 — >1A™ AX; J) of rank m and a surjective bundle 
homomorphism 

2) : V x A fc — ► Hom(F 1 , evp£) 

over Wp v . x {X; J) such that the kernel of 5) is WjjjJ^m Thus, W^J^ is a smooth 

vector bundle of the claimed rank. 

4 Proof of Proposition 13.91 
4.1 Outline 

In this section we prove a generalization of Proposition 13.91 It implies that the Poincare dual of 
the euler class of V^ k defined as the zero set of a generic section of V^ k over k (X,A; J,u) is 
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independent of J and v. 

Suppose (X,uj) is a compact symplectic manifold, (£, V) is an (u, A)-positive line bundle with 
connection over X, A£ H2{X;'L)* , /cSZ + , J= ( Jt)te[o,i] 1S a continuous family of o;-tamed almost 
complex structures on X, and 

^(^) te[0) i]€(5^(Jr,A;J) 
is a family of sufficiently small perturbations of the <9j t -operators on X%k(X, A). Let t r and [b r ] be 
sequences of elements in [0, 1] and in DJtJ fc(-X~i ^4; «/t r , such that 

lim t r = and lim [b r ] = [b] G Mi A; J , f ). 

r >oo r >oo ' 

We need to show that for every £ G VVjjJfM there exists a sequence £ r £ WjjJ^j converging to £. 
By the paragraph following Proposition I3.9L it is sufficient to assume that [b] is an element of 
Ur,u {X; Jo) for a bubble type 

T=([k],I,K;j,A) 
such that j4j = for all minimal elements 

We can also assume that for some bubble type 

T'=([k),l',W;j',A') 

[b r ] ^UT',u tr (X; Jt r ) for all r. We note that by Definition 11.21 for every map u: P 1 — >X such that 

(tj.^pP 1 ]) < (u,A) 

the linear operators 

ds7,u- T^vTS;) ^r(P 1 ;A°; 1 T*P 1 ®n*£) and ker dv,„ — > £ u(oo) , £— ►£(«,), 

are surjective. Thus, it is sufficient to consider two possibilities for T : 

(1) A' i = for all iG/ and {*€/': ^-#0} = x(T'); 

(2) for some «Gl and J' = 0, 

where I is the subset of minimal elements of I'. In the first case, for every [b r ] EUt'm (X; Jt r ), 
the map Ub r is constant on the principal component Sfe r; p of £ft r , and thus so is every element 
£ Gker <9v,6 r - In this case, the question of existence of a sequence £ r as above is an issue concerning 
the behavior of holomorphic bundle sections for genus-zero (J, z/)-holomorphic maps, for a certain 
class of perturbations v of the <9j-operator. This class is induced from the class of effectively 
supported perturbations of Definition 12.11 and is described in Definition 14.31 at the end of this 
subsection. The existence of a desired sequence in case (1) follows from Lemma 14. II below. In the 
second case, Sfe r; p = Xb r is either a smooth torus or a circle of spheres, depending on whether W 
is empty or not. There are no bubble components. In this case, the desired result follows from 
Lemma 14.21 

Lemma 4.1 Suppose (X,lj) is a compact symplectic manifold, (£, V) is an (u, A) -positive line 
bundle with connection over X, A G H2{X;'L)* , M is a finite set, J_ = (Jt)t&[o,i] is a continuous 
family of uj -tamed almost complex structures on X, and 
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is a family of sufficiently small perturbations of the dj t -operators on 3to,{o}uM(^i A). Let t r and 
[b r ] be sequences of elements in [0, 1] and in 97Tq ^ uAI (X, A; J tr , vt r ) such that 

lim t r = and lim [b r ] = [b] £ Tl r } UM (X,A; J Q ,u ). 

r too r — >oo ,l 1 

Then there exist (c r ^) iex ^ G (C*) x ^ b \ e r 6l + , and isomorphisms 

Rb r ,b- ker<9 v ,& — * kerd^x 

such that 

|^o & ~ y^^i-Jo^A - e r y^|cr,i| VrGZ + ; (4.1) 
i£x(6) *6X(6) 

S bi6 i? br , fe e " £>> iS) ^| < e r • II^H V£Gker<9 v , fe , r£Z+; (4.2) 

lim [i? 6ri6 £] = [£] G V A A/ | [6] V£Gkerd v , b , lim e r = 0, |c rji | < 1 Vi€*(&). (4.3) 
Lemma 4.2 Suppose (X,uj), (£, V), J, A, and M are as in Lemma \4-1\ and 

is a family of sufficiently small perturbations of the dj t -operators on %i,m(X, A). Let t r and [b r ] 
be sequences of elements in [0, 1] and in DJt^ ^(X, A; Jt r , vt r ) such that 

S 6 . P = £& Vr, lim t r = 0, and lim [b r ] = [b] G Wl® M (X, A; J ,v ). 

r >oo r >oo 

If b= (E&; Ub) is such that the degree ofub\-E b . p is zero, there exist (wi) i€x ( b ) G(C*) x ( b ) such that 

Wi-j Vib = 

and a subsequence of {b r }, which we still denote by {b r }, such that 

& G ker 3 v ,fc. , km [£ r ] = [£] G Vf M \ [b] © 6 ^ = 0. 

iex(6) 

Suppose {6 r } and 6 are as in Lemma ll~2l £ GT_(6; £), and there exists no sequence 

£ r G ker<9 v ,fe r s.t. lim [£ r ] = [£]. 

r — >oo 

After passing to a subsequence of {6 r } if necessary, we can assume that 

oo 
r=l 
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(4.4) 



(4.5) 



Choose w = (?A>i)ie x (6) £ (C*) x ^ b ^ and a subsequence of {6 r }, which we still denote by {b r }, as at 
the end of Lemma 14,21 Let {&} be a basis for ker<9v,b r which is orthonormal, with respect to 
a regularization at b as in (1) of Definition 13.31 for example. After passing to a subsequence if 
necessary, for some linearly independent Gker 5y 

iW#] = viVi [6] vj. 

By Lemma 14.21 

e er„(6;£;H) = {eGkera v , b : 5> 4 £ M £ = 0}. 

iex(*>) 

By the positivity assumption of Definition 11.21 

dimker <9 v ,t, r = ind<9 v ,6 r = (cx(£),A) and 
dimr_(6;£; [w]) = dimkerd v ,6 - 1 = ind<9f 6 - 1 = (ci(£),A). 

Thus, is a basis for r_(i>; £; [uj). Since r_(6;£) C r_(i>; £; [uj), there exists a sequence 

^ r G ker 3v,6,. as in (|4.4|) . with {b r } replaced by a subsequence. However, this contradicts (|4.5|l . 

An element [6 r ] EUT',i> t (X; J tr ), with T' as in the first case above, corresponds to the genus-one 
curve Efe rj o = ^'b r an d genus-zero maps {b r ,h}h^x(T') sucn that £b rft = P ■ If [&] is the limit of the 
sequence {6 r }i & corresponds to a genus-one curve E^oCEjj and genus-zero maps {&/i}/ig x (T') such 
that 

lim £ 6 o = S 60 and lim [b rh ] = [b h ] VhEx(T'). 

r — >oo i >oo 

Similarly, £ € ker<9v,ft r and £ E kerdy^ correspond to £ rj /, S kerdy^^ and £ S kerdy^, with 
h£x(X'), such that 

£,r,h(ya{K,h)) = £r,h>(yo(b r>h >)) and £h(yo(bh)) = £h>{yo(bh>)) V/i,/i'€xCO- 
Furthermore, 

lim [£] = [£] € V4| [6] lim [& )fc ] = [&] € Vt Mh \[b h ] V^CO, 

r — >oo— 1 — r >oo ' n 1 J 

where is the index set for the marked points of b r> h and bh- We will assume that [b r ] G 
ZY™, Vt (X; J tr ) for some m'gZ + and for all r. 

With (cr,i)ie x (b h ) G(C*)*^ for each hex(T') as in Lemma l4~Tl let 

be the injective homomorphism defined by 

We denote by F/cC^ the image of 

= {( w h)he x Cr') eC x(r,) : ^ w h - Jo V h b r = ^ w h - Jo V^ h = 0} 
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under a r . By our assumption on b r , dim i^r=m' for all r. Let 

{( vl r,i)iex(b)helm'] and {^ r = Jfcex(T')} 
be orthonormal bases for F^ and for 

f_(6 r ;£) = {^=(^h)he x (r')^ keic ^A : 

Y w h^b r ,hi= Y Wh ®b r , h ,dth = V(w fc ) hex ( r /) GF^}, 
fc€x(T') ^ex(T') 

respectively. After passing to a subsequence if necessary, we can find 

«i' = (^)iexW G CX(6) and f = (^)ftex(T') e k ^ 9 V ,6 

such that 



lim fu. 



W 



eC x ^ VI and 



lim[^] = ^]eV^| [6] V j. 

r — >oo — ' — 

Each of the sets {u^} and is orthonormal and thus linearly independent. By Lemma 14.11 

< e r VZ and 



E vl r,i®b,£ 

iex(6) 



E E <i*\,<$ 

hGx(T')iGx(bh) 



< £r V j, 



for some sequence e r converging to 0. Thus, 

w l eF^ = {( Wi ) iex{b) eC^: ^2wi'j Vib = 0} VZ and 

iex(6) 

e er-(b;Z;{w l } le[m/] ) = {£eker«9v, b : ^»i3^ = 0V/G[m']} Vj. 



«ex(6) 



By Definition O 



dimT_ (b; £; {w l }ie[rn']) = dimkerc?v,fe — m' 

= dimker <9v,b r — m = dimr_(6 r ;£). 

Thus, is a basis for r__(6; £; {w'}z e [ m ']). Since v/^F^ for all /, 



f _(&;£) C r_(6;£;{tB { }, eM ) and W^| [6] C (J Km\m C V x A m . 



r=l 



As in the first paragraph after Lemma 14.21 this implies that for every £ G r_(6;£) there exists a 
sequence £ r €T_(& r ;£) such that 

lim [£,] = [£]eV^| [6] . 
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Remark: In (|4.1|) and (|4.2|) . the differences are taken via a parallel transport along the shortest 
geodesic, with respect to a metric on X, between evo(6 r ) and evo(6). 



Lemmas I4.1H4.2I are proved in the next two subsections by extending the gluing constructions of 
Subsections ?? and ?? in |Z6j from J-holomorphic maps to holomorphic bundle sections. These 
extensions parallel constructions in Subsections ?? and ?? in Z5 . In the rest of this subsection we 
recall the definition of the type of perturbations v of the <9j-operator on space of genus-zero stable 
maps that appears in Lemma 14,11 see Subsection ?? in |Z6| for details. 

Definition 4.3 Suppose (X,u>) is a compact symplectic manifold, J = (Jt)te[o,i\ * s a continuous 
family of uo -tamed almost structures on X, A e H2(X; Z)* ; and M is a finite set. A continuous 
family of multisections v_= {yt)t€[o,l\> with i/^ € C5q'| | UM (X, A; J^) for all tE[0,l], is effectively 
supported if for every element b of 3i j } UM (X, A) there exists a neighborhood Wf, of in a 
semi-universal family of deformations for b such that 

^( 6/ )k,nw b =° V ^^O-Mum^A), *€[0,1]. 



We denote the space of effectively supported families u as in Definition 14.31 bv <5^ s ^ y uM (X, A; J_)- 
If v G ®q S |o}um C^> t€[0, 1], [b] is an element of 

(X,A;J t ,u t ) = {dj + v t } '(0), 

and % G x(6), then n;,|s b , is J t -holomorphic on a neighborhood of oo in S^ j and C-j t T>ib is determined 
by 6, just as in Subsection 12.11 Furthermore, in this case «fc| s o is a degree-zero holomorphic map 
and thus is constant. Thus, u& maps the attaching nodes of all elements of x(b) to the same point 
in X, as in the genus-one case of Subsection 12.11 

4.2 Proof of Lemma 14.11 

In this subsection we review the genus-zero gluing construction of Subsection ?? in |Z6j and extend 
it to holomorphic bundle sections in a manner similar to Subsection ?? in |Z5j . This construction 
essentially constitutes the first step of the two-step gluing construction described in Subsection 14. 31 
Throughout this subsection we assume that M is a finite set, AgH2(X;Z), and T=(M,I;j,A) is 
a bubble such that is the minimal element of /, 

^Ai = A and (w,Aj}>0 Vie/. 
iel 

Let (£, V) — >X be an (u, A)-positive line bundle with connection. 
We put 

%T;b(X) = {(S fe ;n b )GXr(X): n b | E o = const}. 
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We denote by 

^ = X T ;b( X ) x cI 

the bundle of smoothing parameters and by the subset of J- consisting of the elements with all 
components nonzero. For each 

b£X T;B (X), iex(T) = x{t>), v=(b,v) = (b,(v h ) hel ) ef, 

we put 

Pi( v ) = J\v h eC and Xj(v) = ^ (xi>(b) ~[\_ v h) G C, 

6<h<i 6<i'<i 6<h<i' 

where Xi(b) is the point of E^. to which the bubble Ej, , is attached; see 1)3.2(1 and Figure [3 
For each sufficiently small element v = (b,v) of J- , let 

be the basic gluing map constructed in Subsection 2.2 of |Z3j . In this case, E„ is the projective 
line P 1 with |M| + 1 marked points. The map q v collapses \I\ circles on E„. It induces a metric 
on S w such that (S^,^) is obtained from E& by replacing the |/| nodes of Ef, by thin necks. 

We put 

u v = u b oq v , b(v) = (£ v ;u v ), and <9y,u = &?,&(„)• 

Fix a metric g on X and denote the corresponding Levi-Civita connection by V x . By the same 
construction as in Subsection 3.3 of |Z3j . the map q v induces weighted L^-norms || • \\ v ,p,i on the 
spaces 

(Cer(£„;<TX): C(oo) = 0} and r(E„;<£) 

and a weighted L p -norm || • || W)P on the space r(E„; A® , jT*T> v ®u*£). We denote the corresponding 
completions by T(v), T(v;£), and T 0,1 (v;£). The norms || • \\ v ,p,i and || • \\ V)P are analogous to the 
ones used in Section 3 of |LTlj for the bundle TX. We put 

r_>;£) = {£oq v : £ekerdv,&} C r(u;£); 

r + (u;£) = {£er(z,;£):£(oo) = 0; ((£,O>v,2 = V ('eT^(v;£) s.t. £'(oo) = 0}. (4.6) 
By the construction of the map q v in Subsection 2.2 of |Z3j . 

||a v ,^L iP < C(6)M 1/p ||£lk P ,i V £er_(t;;£). (4.7) 

On the other hand, for the same reasons as in Section 3 of [LTlj . for some 8, C G C(3Lt;b(X); M + ) 
and for all i;= (6, w) G T$ , 

^"I^ILi ^ II^IL < C ( fo )lkL, P ,i r + ( W ;£); (4.8) 

see Subsections 5.3 and 5.4 in |Z3j . In particular, the operators d\? ;V are surjective, since <9y,6 and 
B y ^f are. 
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If (£ r(t>), we set 

&( V >C) = ( £ ^ ex P^C) and m UiC = exp Uv (, 
where exp is the exponential map with respect to the connection V . Let 

n„ jC :r(s ^)-^r(s„ ; < )C £) 

be the isomorphism induced by the V-parallel transport along the V x -geodesics r — >exp„T^ with 
t£ [0, 1]. By a direct computation, 

ll n ^C^, fo (^,C) n -,Ce - < C(&)llCllS^,ill^H-^>i V£er(t>;£), CG I»; (4.9) 

see the proof of Corollary 2.3 in |Zlj . By Q4.7|) - l|4.9)) . for every £ G r(-u) sufficiently small and 
£ Gker <9v,6, there exists a unique 

WK) er +("i £ ) s - t - n w,c(^°9v+^w,c(0) G ker ^v,fe(«,o- 

Furthermore, 

II^C^L^^CWd^lVP + HCII^JIieil^ Veeker^. (4.10) 
We define the isomorphism 

ker<9v ifc — ► ker <9 v ,b(„,£) by = n„ jC (£og„+£„ )C (£)) . 



We will use a convenient family of connections in the vector bundles u*£ — which is provided 
by Lemma 14.41 below. First, if 6=(E&;tt{,) is a stable bubble map, g b is a Hermitian metric in the 
vector bundle k££ — and V fe is a connection in m££, we will call the pair (g, V)-admissible if 

(pVl) V fe is ^-compatible and 9y, ^-compatible; 

(gV2) g b = g Ub and V fe = V M » on Eg, 
where g Ub is the Hermitian metric in induced from the standard metric in £. The second 
condition in (gVl) means that 

dv,b = ~ (V Ub + iV u » °j)=\ ( V b + iV 6 o j) , 
where V" 6 is as in Subsection 11.21 
If b is any genus-zero bubble map and 5 6 M + , we put 

Sg(tf) = Eg U (J A 6ii (5), where = {(i, z) : |*| ^(T 1 ^} C E^S 2 . (4.11) 

iex(6) 

If v = (b,v) is a gluing parameter such that the map q v is defined, let 

Y? v (5)=qZ l {Y? b {5)). (4.12) 



33 



Lemma 4.4 If (X,u), (£,V), A, M, T, Xt-b(X), T are as above, there exist 

5,C e C(X r M x y> R+ ) 
with the following property. For every 

6ei T;B (X), v=(b,v)€f$, and (£T(v) s.t. \\(\\ v , p>1 < 6(b) 
there exist metrics and gr V) Q and connections V b and V^"'^ in i/te vector bundles 

ul£ — > S;, and u v,^ — > 

such that 

(1) all pairs (gb,V 6 ) and (gi v ,0^ ) are admissible; 

(2) the curvatures ofV b and V^'^ vanish on 2,9(25) andYf^(25), respectively; 

(3) ||n-JV^^)(n^ ;C ^o^) - V^o^lk^ < C'(|r;| 1 /p + || C ||^ )1 )||^||^ 1 for all^F(b;£); 

(4) the map b — > (fl'fe,V b ) is continuous. 

This lemma is proved by exactly the same argument as Lemma ?? in |Z5j . 

If b<E3LT-,B(X) and i£x(b), let Wi be the standard holomorphic coordinate centered at the point 
oo in = S 2 . If toGZ + and £ = (£i)ie/ GT(6; £), we put 



1 d' n 



G £ e v (6), 



where the derivatives are taken with respect to the connection V b . Similarly, for all 



W =(M)e^, CGT(ti) s.t. ||Clk P ,i <<$(&), and £ € r(S„; 



let 



1 d m 



(«.C),o ? m!dw m ^ ' 



w=o e£ ev (6), 



where to is the standard holomorphic coordinate centered at the point oo in S„ ~ S 2 and the 
derivatives are taken with to the connection V^'^. We note that 

®b}t = ®b4 Vi6 X (6), £er(6;£), and 3>g f)>a £ = ^ b{v , ,^ V £er(£„; < )C £), (4.13) 

by the second condition in (<?V2) above. 

A key step in understanding the obstruction to extending holomorphic bundle sections from singular 
to smooth domains is the following power series expansion. For every 

»€*(&), k£Z + , v=(b,v)eF%, and (&T(v), 

there exist 

ej (^C) e Hom(ker9v )6 ,£ evo(6) ) 
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h 2 hi 




X(b) = {hi,h 4 ,h 5 } 
p(v) = (VhnVhaVh^VhsVhg) 

hs x h5 (v) = Xfi 3 (b) + v hs Xh 5 (b) 

X h 5 ( b ) «(1) p . c ~„. (Tt (l) e \ , ... ... ,~<l. n ^lii 



(0,oo) 



^.o^rf - ^ (Pb,L0 + v hsv hi (2)^ l4 e) 

Figure 3: An Example of the Estimates <|4.14|> and (|4,15|) 



such that for all £ G ker <9y 

,(m) 



k=m 



'm-Y 
fe=i v / iex(fe) 



and 



6 £c),6^^ = E ;_i E*r^)^){^e+#V,cK} 



(4.14) 



< c<r fe / 2 (M^+|| C ||„ jPjl )||£|| 6iPil . (4.15) 

The expansion Q4.14JI is obtained by exactly the same integration-by-parts argument as the expan- 
sion in Theorem 2.8 of |Z3j : see also the paragraph following Lemma ?? in |Z5j . We point out that 
is independent of m. The m = 1 case of the estimates (|4.14j) and ()4.15|) is illustrated in FigureEl 

Let t r and b r be as in Lemma f4.ll Since the sequence [b r ] converges to [b], for all r sufficiently 
large there exist 

K G Xt;b(X), v r = (b' r ,v r ) e P, and ( r eT(v r ) 

such that 

lim b' r = b, lim lyJ = 0, lim ||Cr|L r p l = 0, (4-16) 

r >oo r >oo r >oo 

and b r = (£ 6r ; u br ) = (E Vr ; exp Ui)r Cr) • 
The last equality holds for a representative b r for [b r ]. By the estimate (??) in |Z6j and (|4.16|) . 

V o b r~ ^Pi{vr)(T>ib' r )\<e T ^\pi{v r )\ (4.17) 

for a subsequence e r converging to 0. Furthermore, by the m = l case of Q4.14JI and (|4.15() . 

VbfiRvrXrS- E^)%>^| < e r • U\\b, P ,i Veekerav.b;. (4.18) 

»£*(&) *ex(fc) 

For the purposes of Lemma 14.11 we take 

R b ^ b : ker<9 v ,& — ► ketdy^ 

to be the composition of 



R Vr r r ■ kerdy,, 



ker d' 
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with an isomorphism 

Ry b '■ ker 9y t — >ker<9vb' s.t. lim Ry b£, = £ V£ Gker(?V. fo- 
ri ' r T >QG T-' 

We take c r ^ = pi(v r ). It is immediate that the requirements ()4.3j) of Lemma 14. II are satisfied. Since 
lim T>ib' r = T>ib and lim D b < sRy b £ = D b £ V£eker <9 v ,fc, « 

r — >oo r — >oo ' ' 

the requirements (|4.1I) and Q4.2|) are satisfied as well. This concludes the proof of Lemma 14. 11 

Remark: A regularization of the cone Vq m near b, as in Definition l3.31 can be constructed using 
the isomorphisms R v ^ as above and a description of open subsets in Xo,m(X, A) as in Section 3 
of |LTlj . In this case, <~p b is a homeomorphism. 

4.3 Proof of Lemma [4.21 

In this subsection, we review the two-step gluing construction used in Subsection ?? of |Z6j and 
extend it to holomorphic bundle sections in a way similar to Subsection ?? in |Z5j . We assume 
that 

T={M,I,^j,A) 

is a bubble type such that 

^2Ai = A, (u,Ai)>0 Vie/, Ai = Viel , and 4$/, 
is/ 

where Jo is the subset of minimal elements of I as before. Let (£, V) — >X be an (w, ^4)-positive 
vector bundle with connection. Throughout this subsection we focus on the case 

[br] e<m° hM (X,A;J,v), 

i.e. Y, br .p = Y< bj . is a smooth torus for all r. 

Similarly to Subsection 14.21 we put 

^-T-,b{X) = {{Y lb ;u b )<EX r (X): u b \ s o = const}. 

Let 

h = {hel: i h £l } and k = \h\ + \{l€M: ji€l }\. 
We denote by Mi t k the moduli space of genus-one curves with ko marked points and by 

Trp: Xt-,b{X) — > Mifo, b — ► [S b; p], 
ev P : Xt-,b(X) — ► X, b — ► u b (Y, b . P ), 

the maps sending each element b of Xt ; b(X) to the equivalence class of the principal component(s) 
T, b -p of its domain and to the image of £&-p in X. Let 

E — ► Mi M 
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X(b) = {hi,h 4 ,h 5 }, 
p(v) = {b; v hl , v h3 v hi ,v h3 v h5 ) 

Figure 4: An Example of p(v) 

be the Hodge line bundle, i.e. the line bundle of holomorphic differentials. 
Let 

T — > 3Ct-,b(X) 

be the bundle of gluing parameters. It has three distinguished components: 

f = fnffif efi, where f N = l r #)xC H , T x = X T . B (X) x C 7 ^ 1 , 

Fo = ®Fh, and Fh\ b = T Xh ( b )T, b]P V b^X r - B {X). 

heh 

The total space of Th has a natural topology; see Subsection ?? in |Z4j . We denote by J 70 the 
subset of T consisting of the elements with all components nonzero. If i E I, let h(i) E ii be the 
unique element such that < i. For each u = (b, v), where b E Xt-,b(X) and t> = (vi) ie #ul> anc ^ 
* E x(6), we put 

vo = {b, (u»)i(ENLiii) > u i = ( b > i 

h(i)<h<i 

and = (6, (ft(^)) iex(6) ) G = ^(i)- 

ie x (f>) 

The component ui of u consists of the smoothings of the nodes of Ej, that lie away from the principal 
component. In the case of Figure 01 these are the attaching nodes of the bubbles /12, /14, and /15. 
For each element v= (b, (vi) i€x ^)) of 5, we define the linear map 

kera v ,6 — ► E* p(6) ®£ Wp (&) b Y {2>of }M = Z}^ hW (6)( 5 i) " 

iex(6) 

if ^€E Ip (i,). 

For each sufficiently small element v = (b, v) of let 

Qvi '■ E Vl ► E& 

be the basic gluing map constructed in Subsection 2.2 of |Z3j . In this case, the principal component 
E ur p of E Wl is the same as principal component Eb ; p of S&, and E W1 has bubble components 
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^v lt h, with h£l\, attached directly to T, VVt p. The map q vi collapses \I — Ii\ circles on the bubble 
components of T, Vl . It induces a metric g Vl on S Wl such that (S Vl ,g Vl ) is obtained from T,^ by 
replacing \I — 1\\ nodes by thin necks. Let 

u vi =u b o q Vl , b(vt) = (E Vl ;u Vl ), and d v ,«i = dv,&(m) • 

The map q Vl induces weighted -L^-norms || • [jui^i on the spaces 

{Cer(E^;<rX):Ck liF =0} and {£Gr(E V , <£) : £| Eui;F =0} 

and a weighted L p -norm || • on 

{r, G r(S Wl ; A^ 1 T*S„ 1 ®t^£) : = 0} ; 

see Subsection 3.3 of |Z3j and the first remark in Subsection ?? in |Z6j . We denote the correspond- 
ing completions by Tb(vi), Tb(vi;£), and r^ 1 (fi;£). 

For each £ G T# ) , let 

it^ = exp Mui C and b(vi,() = u^c). 
For 5 €C(X T -b(X);R + ) sufficiently small, 

v = (b,v)e£$, and C<=r B ( Vl ) s.t. ||CIU, P ,i < <$(*>), 

the isomorphisms i?^ of Subsection 14.21 corresponding to the restriction of b(vi,() to S Wl) /„ with 
h€.I\, induce an isomorphism 

i^i^: ker«9v ifc — ► ker 9v,6(vi,c) 

such that 

IK,c£L llP ,i < 2[iei| 6lP ,i- 

Furthermore, by the m=l case of (|4.14(l and (|4.15|1 . 

2)^,0, A,C^ " E | < C(b)(l^| 1/p +llCI|« 1>P> i) E \Pi(v)\ ■ U\\b, P ,i, (4.19) 

iex(b),h(i)=h i£ X {b),h(i)=h 

for all hGli and ^Gken^v ;,. Let V" 1 '^ and r be the connection and metric in the line bundle 
u* ^£ induced by the connections and metrics of Lemma 14.41 For each h& I\ and <5gM + , let 

A Vl ,h($) = qZ l (A h , h {5)). 
From the estimates 1)4.14(1 and (|4.15j) . we find that 

ll^'^^lloo^wk)))^ ^ c{b){\v\W+\\tu, P ,i) £ • IKIImsi. ( 4 - 2 °) 

i&x{b)Mi)=h 

for all /i G Ii and £ G ker <9y 6- 
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Fix a smooth function e: Xt ; b(X) — >M + such that for every b£ 3Ct-,b(X) and /iGii the disk of 
radius of 8eb in T^.p around the node Xh(b) contains no other special, i.e. singular or marked, point 
of Tib. For each 

v = (b, v) = (b, (v h ) hemi G P 

sufficiently small, let 

Qvq;2'- T v ► T Vl and Qvq-,2- * S Wl 



be the basic gluing map of Subsection 2.2 in |Z3| corresponding to the gluing parameter vq and 
the modified basic gluing map defined in the middle of Subsection ?? in |Z4j with the collapsing 
radius e&. In this smooth genus-one curve. For each h£zl\, the maps <jfvo;2 and Qu ;2 

collapse the circles of radii 1^/,, | 1//2 and e&, respectively, around the point Xh(b) G S Wl! p. As before, 
the map 

Qv = Qv ;2° Qv 1 '■ E„ ► Sfe 

induces a metric g„ on T v such that (E W ,5 W ) is obtained from E& by replacing all nodes by thin 
necks. Let 

I* =I 1 - {heh:Ai = Vi>h}. 

The map q vo -2 is biholomorphic outside |N| thin necks -A,^, with /i G N, of (T v ,g v ) and the 
annuli 

Ab,h = ^b,h U ^6,/i> 

with h€l\, where 

At ;h = At ih (5(b))cT b . P ^T v 
are annuli independent of v. In addition, 

u vi,c\q Vo;2 (A v , h ) = const V/iGK, 
^i-Clg uo;2 (A, fc ) = const Vheh-It, u VlX \- vo;2{A + h) = const VhelZ; 
Vvo-aiA^) CA Vuh (\v h \ 2 /6(b)) and ||d^ o;2 || CO( ^- fe) < C(&)KI V/»€iJ, (4.22) 

if the C u -norm of dq Vo .2 is computed with respect to the metrics g v on S w and g Vl on S U:l . Fur- 
thermore, 

||^ ;2|| c o < C(b). (4.23) 



If v = (b, t))6 J is sufficiently small and CGFp(ui), we put 

u v ,c = u Vl) $ o q V0 . 2 and b(v, () = (£„; . 
The map Qvo;2 induces weighted .L^-norms || • ||«,p,i on the spaces 

r(£„;< )C TX) and r(£ v ;< )C £) 
and a weighted L p -norm || • on the space 

T(T v ;AljT*T v ®u* vX TX). 
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Let r(t>,£), T(v, Cj£)> an d r 0,1 (i;, (; £) be the corresponding completions. We put 

r_(y,C;£) = {i^ ) c^^ 1 ,^o^o;2 : ^kera Vj 6} cr(«,C;4 

By dH2ni)-g2SJ), for all £ G kerd v ,ft 

lldv^o^lU ^ c ^ E ki E iami • ii^iiw = c ( b M v )\ ■ uk P ,i- ( 4 - 24 ) 

Let r + (t>,£;£) be the L 2 -orthogonal complement of r_(u, £;£) in F(v,£;£). We denote by 

7r„ iC; _:r(u,C;£) -^r_(u,C;£) 

the L 2 -projection map. For the same reasons as before, 

C(by l \\t;\\ v>p>1 < \\dvMv,0t\l, P ^ C ( b Ml, P ,i V £ e r + (u,C;£), (4.25) 

if v = (b, v) G .F" and C G L(t>i) are sufficiently small. Let T^. (v, £; £) be the image of T + (v, £) 
under <9v,6(«,f)- 

The operator Sv,^ c is not surjective. We next describe its cokernel. Since the operator <9y b is 
surjective, the cokernel of B\/ tb can be identified with the vector space 

r : 1 ^) = H b ., P ®£ evp(b) « E; p(6) ®£ evp(b) , 

where W& ; p is the space of harmonic antilinear differentials on the main component T, b .p of Ej,. As 
in Subsection ?? in |Z5j . there exist isomorphisms 

R-vfp'- ^b;P > ^;P = Wfe(i),C);P' V = (b,v) G J^5, 

such that the family of induced homomorphisms 
is continuous on J^, and 

flj.pl* = id V6GX T; p(X). (4.26) 



Let /3 : M + — > [0, 1] be a smooth function such that 

/9(*)€ 



0, if t < 1; 

1, if t>2. 



If r GM + , let fi r (t)=p(t/y/r). We define /? 6 eC°°(E 6 ;R) by 

fi, ifz€E M , »ex°(6); 

= < 1- f3 S{b) (r(z)), ifzGE M , iex(6)5 
I 0, otherwise, 
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where r(z) = \q s (z)\ if qs '■ C — ► S 2 is the stereographic projection mapping the origin to the 
south pole of S 2 . In other words, /% = 1 on (5(b)/ 2) and vanishes outside of Y% (25(b)) C Let 

Aj = Pb°Qv If 2 € S°(25(6)), we denote by 11* the parallel transport in the line bundle u* ^£ 
along a path from ajSg^^Xu^p) to z in Y,® (25(b)) with respect to the connection ^^V^ 1 '^. For 
each 

v = (b,v)eF$ and rj eT°l l (b; £) , (4.27) 
let i?^rjGr 0,1 (t;, (; £) be given by 

{ R v^v}zw = /3 v (z)Il^r] z (w) e £ UvX (z) zeE v , weT z Z v . 

Since the curvature of (j£ 0i 2^ Wl '^ vanishes over S°(2<5(6)) ; {R^i]} z w is independent of the choice 
of x and path from x to z above. 

If r ? er°; 1 (6;£), we put 

Nl = J2 M*fc(&)> 

where is the norm of i]\x h (b) with respect to the metric g np ^) on ^b;P- If w and 77 are as 

in (|4.27|) and \\r)\\ = 1, we define by 

n v %_:r^(v,C;2) — 1^(6; £) by <J ; _(r/) = {{r/ , tf$r,)) 2V Vr/ G r 0,1 (t>, £; £). 

Since the space r°' 1 (6; £) is one-dimensional, ^ v '^._ is independent of the choice of r\. We note that 
since p>2, by Holder's inequality 

KJ ; _»/|| < C(b)\\rf\\ VJ , Vr/er°>>,C;£). (4.28) 
Furthermore, by the proof of Lemma 2.2 in |Z3j . 

lKc;-^>*(*>o£|l ^ V£er(t,,C;£). (4.29) 

With the same restriction on the homomorphisms F^'.p and identification of gluing parameters as 
described in Subsection ?? of |Z4j . we also have 

^'O-^V^.O^C^ = ~ 27riS pH^ V£eker<9 v ,6, (4.30) 
by the proof of Proposition 4.4 in |Z3j . 

For each v = (b, v ) S J$, ^GTb(vi), and (' £T(v, Q, we put 

UvXf = exp Uv f C' and b(v, C, C') = ^,C,C') ■ 
We denote by LT^ the isomorphisms 

r(S„; n* ? £) — ► r(S„; n* ? ? ,£) and 

r(S„; A^T*^®^) — r(£„ ; a^t*^®^^) 
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induced by the V-parallel transport along the geodesies r — >exp Uv r£' with r G [0, 1]. Let 

= n c' la v,%,C,C') n C - 9s7,6( w ,c) : r(v, C; £) — L ' 1 ^, C; £) . 

Similarly to (|4.9[) . 



C,c^L, p < CWIlC'll^ill^ll^i V Cer(t;,C;£). (4.31) 



Let J be an almost complex structure on X. With notation as at the beginning of this subsection 
and in Subsection 13,21 we define the linear bundle map 

Vj-t: 3 — ► n* P E*®cevp(TX, J) 

over 3L r . B {X) by 

{Vj;T{b, (ui)ie x (6))}W = 5^^x hW (6)(«t) G r evp(6) X. 

Suppose t r and 6 r are as in Lemma l4~2*l and Efe r; p= Sf, r is a smooth torus. Since the sequence [b r ] 
converges to [b], by Subsection ?? in |Z6j there exist CeIR + and for all r sufficiently large 

6;ei T;B (X), v r = (b' r ,v r )ef$, ( r £T(v r ), Cer(t> r ,Cr), and e r G M+ (4.32) 

such that 

lim 6^ = 6, lim |u r | = 0, lim ||£ r || „ r . ljP ,i = 0, \\(' r \\ Vr ,p,i < C\p(v)\ , (4.33) 

r >oo r >oo r >oo 11 

lim |e r |=0, \V Jo . r p(v)\ < e r \p{v)\, (4.34) 

r — »oo iii 
and b r = (S fer ; u hr ) = (S„ r , exp n ^ ^) • 

The last equality holds for a representative 6 r for [6 r ] . 

By ()4.31|) and the last inequality in (|4.33|) , for some C G M + and for all r sufficiently large 

||^ r ,C r ,C,'i|L r , P <^k(^)| 2 ||ell^, P ,i V ZeT(v r ,( r ;£). (4.35) 
Thus, by and (J32SJ), 

||vr„ riCr; _n-, 1 e - n^|| w < C|pM|||£lk,p,l V £Gkerd v , fer . (4.36) 

Since 

{^7,6(«r.fr)+- £ '« r ,fr,«:} n C. 1 ^ = V £ ^ ker <9 V ,6 r , 

by JO^I - JOnt . g33), and (tOo) . 

|S) p(u) C| < CjpK)) 2 • ||£|| 6 ,, P)1 Vi^ r , Cr C G Tr^c^-nr/kex^. (4.37) 
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After passing to a subsequence if necessary, let 

m! = (wi)ie x (b) G 5b ~ {0} 

be such that 

lim [p(v r )] = [u/] E F$ b . 

r — >oo J 

Since T>ib' r — >T>ib for all i£x(b), 

{V Jo ,r{b, («4)ie x (&))}W = Y,^*Ki)Q>M) - J ° Vib = G T ^p(b) X v ^ e -pW> (4.38) 

by (|4.34j) . If ^ r G ker <9v,fc r an d £ £ ker (9y,fe are such that 

lim [&.] = [£] GV^ M | [6] , 

then by (IQfil) and (IQ71) . 



<^Wl^| VVel£. Hfe ) (4.39) 



for a sequence e r converging to zero. Thus, by (|4.38|) and (|4.39[) . for the purposes of Lemma l4~21 
we can take 

where ^GE^ « is any nonzero element. 

Remark 1: If £f v; p = £f )i . is a circle of spheres, i.e. in the notation of Subsection 14.11 the proof 

of Lemma 14.21 is formally the same, but some details change in a way analogous to Subsection 3.9 
in |Z3j . In particular, in (|4.3'2[) . 

v r eT*° = {(b,{v h ) hemi ) ef:v h = ^ /iGHo}, 

for a nonempty subset No of N. If v£j-f l \ T, v is a circle of spheres with nodes No- If in addition 
(£T(v\), F(v,C) consists of the vector fields on the |No| components of T, v that agree at the nodes 
of T, v . Similarly, T(v, (; £) consists of the sections of u* ^£ over the components of T, v that agree 

at the nodes. If n^T^fi; £), the u* ^£- valued (0, l)-form R^V has poles at the nodes of with 

residues that add up to zero at each node. In particular, Rj^rj is not an element of T 0,1 (v,C; £,), 

but the homomorphism tt v '^._ is well defined and still satisfies (|4.28|) - (|4.3U|) . Finally, the argument 
of Subsection ?? in |Z6j easily generalizes to show that (v r , ( r , Q' r , e r ) as in l|4.32j) - (|4.34|l exist in 
this situation. 

Remark 2: A regularization ipi, of the cone V± M near b, as in Definition 13.31 can be constructed 
using the description of open subsets in Xi } m(X, A) of Section 3 in |LTlj and the corresponding 
analogues of the isomorphisms R v ^ and the injective homomorphisms ny^—IL^, as above. 
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